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COMB I NATORIAL OPTIMIZATION :

WHAT IS THE STATE OF THE ART?

Victor Klce

Department of Mathemat ics

University of Washington

Seattle , Washington

This survey attempts , without includinq many deta.tln of
al cjori thins or of the u n c l e r ly i ncj t h e o r y ,  to answer the f o l l o w —
ifl9 ques t i ons :  What  is conlb in at  on ~il Opt.  i m i  zat ion? What. are
the  1andmark~

; of the theory? Wh~tt are t h e  most exciting re-
cent advances?  What  are the most prom i si nq d i re ct  ions  f or
rese1irch? W h a t  a rc  the best sources of f u r t her  in f o r mat  i on?

1. WHAT IS COMBINATOR I A l  O P T I M I Z A T I O N ?

M an y p r a ct i c a l  problems , c s p e ci a f l y  those f rom operat  ions

research and comput (‘F SC Cflc’C , a i c  concerned Wi th opt i in i i ng

a r e a l — v a lu e d  f u n c t i on  f over ~t f i n i t e  set x of d — t u p les

of i ntcqers . O f t e n  X Is  not presented  c’xpl id t l y bu t  ~~C

di.’ f i n e d  imp l i c it y in  some m a n ne r .  When I is linear and X
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is defined by 5-t f i n i t e  number  of l i n e a r  i n e q u a l i t y  con-

s t r a i n t s  w i t h  in t ege r  c o e f f i c i e n t s, the problem is one of

( l in e a r)  i n t ege r  p r o g r a m m i n g .  S tar t i n g  w i t h  t h e  work of

Gomory ( 1 9 5 8 ) ,  f i n i t e  a l g o r i t h m s  and an ex t e n siv e  theo ry  have

been developed for  such problems.  See Ho ( 1 9 6 9 )  , G a r f i n k e l

and Nembauser  ( 1 9 7 2 ) ,  G e o f f r i o n  and M ars t en  ( 1 9 7 2 ) ,  B a l i n ski

( 1 9 7 4)  and Ilanune r e’t a l .  (19 77 )  for  d e t a i l s  and f u r th e r  ref-

erences , C o m p u tat i o n a l  exper ience  w i t h  these  a l g o r i  th ins  has

been mix ed . Some f a i r l y  l a rge  problems have been solved , but

experience o f te n shows , even w i t h  problems of modest si~~u.’ ,

that an al gorithm requiring a very large finite number of

steps m a y  have no practical advantage over one requiring an

infinite number.

Most of combinatorial opt imi zation deals wit li problems

that can be form ulated as integer programs but have an under—

ly i ncj comnb ina b r  i a 1 S t r u c t u r e  t ha t  lends it se l f  to the

development of special al qori thins. One n a tu ra i i  y hopes t ha

these al gorithms , when app l i c a b l e , will Its ’ more e f f i c i e n t  t h ,u:

g e ner a l  i nt cge  r p m’ oq ramming  a 1 qc’ r i bison . Many  of the  prob-

lems are associ ated with a directed or undirected gr a p h

G = (N,A) and a f u n c t i o n  a defined on the (finite) node—

set N or the a r c — s e t  A or on NitA and taking values in

(G ,o) in often called a n e t w o r k .  It is assumed for

simplicity that C is loopless , so that A is a set of

ordered or Unot  dered ( ac c o r d i ng  as C i s directed or not)

p a i r s  of d i st  inc t nodes. Ar cs  may be w r i  t t  c’s as ordered p a i r s

(i , j )  w i t h  the unde r s t and i ng tha t  they  w i l l  be in t erpi  s,’t  ed

as unordered  when C is u m i l  i rec ted .

-- . _ _  . _~~ ‘ .p’ ~~~~~ ~~~~~~~~~~~ .~.L ~~~~~~~~~~ ~~~~~~~~ ~~_ —~~~~~~~ ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ 
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A ~~~~ f rom node s to node t is a sequence of arcs of

the form

( *)  (x 0, x 1) , (x 1, x 2 ) ,. .., (x k _ l , X k
)

wi th  x0 = s and X
k = t. When such a path exists, t is

access ib le  from s. A path (*) is a simple p~~~ if there

is no repetition of nodes (other than that implied by the

notation). It is a circuit if X~~ x0,  and a simp~~ cir-

cuit if there is otherwise no repetition . Note that simp le

paths and simple circuits may convenientl y be regarded

as sets (rather than sequences) of arcs.

A graph is connected  if each node t is accessible from

from each node s x t. A tree is a connected graph that con-

tains no circuit. A ~j~~pninq subgraph is one that uses all

nodes. A matching is a set of arcs no two of which have a

common node. A tour is a spanning simp le circuit.

For purposes of illustration , we focus here on five

problems of network optimization , assuming for simplicity

that A is the domain of a and (except where the contrary

is stated ) a 0. The graph C should be undirected in ( 2 )

and (4) , but in the others it may be directed or undirected .

In all but (3), the desired solution may be regarded as a

subset of It, the length or weight of such a set being the

sum of the a—values of its members. (Thus the objective

function is a linear f u n c t i o n  of arc lengths.) In (3) the

values of ci. are regarded as flow capacities.

—
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(1 )  ( M i n i m u m  p a t h )  For two g iven  nodes s and t of G,

f i n d  a shor tes t  p at h  f rom s to t or conc l ude tha t  t is

not accessible fr om s.

( 2 )  ( M i n i m u m  sp an n i n g  t ree)  For a connected G , f i n d  a

connected s pan n in q  subgr aph of m i n i m u m  w e i g h t .

( 1)  ( M ax i m u m  f l o w)  For two g iven  nodes s and t of C

such t h 5 m t  t i s  access ib le  f rom s , f i n d  an a— f e a s i b l e

f l o w  of max im n ulu  va I se f rom s to t

(4  ) (Ma x i  mum m a t c h  i n q )  Among a l l  ma teli i ug s in  C, f i n d  one

of maximum w e i q h t

(5 )  ( M i n i m u m  t o u r)  G iven  a tour in G , f i n d  a shortest

t o u r .

In add i t  ion to the many p r a c t i c a l  opt i nm .i za t ion problems

for  wh i cli. t he i m m e d iat e  mat henma t i cal model is one of

(1) — ( 5 )  , many o the r  problems can be reduced to these or to

a cootbinat  ion of them . The reader is undoubted l y face5l ,

each day , w i t h  S CV C I a i  i n s t ances  of (1) . Problem ( 2 )  ar ise’s

in the cons t ruc t  ion of communic at  ion  n e t wor k s .  Problem ( 3 )

stem s from an a t t e m p t  to e va l uat e  the capac i ty  of the E a s t —

c m m ~ Huropean r a i l  ne twork  to support a l a rg e — sc al e  c o n v en —

tionci i war (Set’  D i i  lera  and Lucas , 1976) ; i t  and i t s  r e l a t i v e,

the m i n i m u m — c o s t  f l o w  problem , a r e  used to model a v ar i e t y  of

t ranspor t  at ion t .rstt ’ l eus; . Though al go r i t hm s t or  ( 4 )  are per-

haps not as obv ious l y u s ef u l  as those  for  ( 1 )  — ( 3 )  , m at c h i n g

a lqo ri  t bins h a t i .’ i n  ac t  bs’emi. app l i ed  to problems of personnel

ass ignment  , pa i r i ng  of machined I t ar t s , s c h e d u l i ng  of two—

processor systems , ~‘~u-ious r ou t i ng  problems (see Lawlet  (1976 )

and his  r et  t ’re ’nces fo r  a l l  of these) , evalua t ion of biomedical

data (Tanimoto , 1 9 7 6) ,  and f i n d i n g  the rank  of a m a t r i x

- 

~~~~~~~~~~~ 
, 

~~~~~~~~~~~ 
-

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - _~~~~~~~~~~~~
_ _

~~±
____ ..~ -.



5

(Anderson , 1975 ; K iec and van den Dr iessche , 1977). Problem

(5 ) is a form of t h e’ f amous t r ave l ing  salesman problem , whose

applic a tions include computer wi r ing , vehicle  rout ing,  and

job shop scheduling (Lenstra and Rinnooy Ka n , 1975).

For the many direct applications of (1) — (4), and for

the reduction of other problems to these , the ~~st sing le

source is the book of Lawler  ( 1 9 7 6 ) ,  Combinatorial Op~~i rn iza -

tion : Networks and Matroids. It will he mentioned I requently

in the sequel. The books or survey articles of Berge and

Ghouila-Llouri (1965), Bradley (1975), Busacker and Saaty

(1961), Dantziq (1963) , Siselt and von Frajer (1977),

Elmaqhraby (1970), Ford and Fulkerson (1962), Frank and

Friseb (1972) , Fulkerson (1966) , Garfinkel and Nemhauser

(1972), flu (1969), In (1969), Karp (1975b) , and Whitehouse

(1973) also contain much u s e f u l  i n f o r m a t i o n  about conibinator—

ial o pt in h i z a t . lon .  For problems reduc ib le  to (5 )  the  basic

references arc Cook (1970) and Karp (1972, 1975a) . Aho

et al . (1974) c o n ta i n s  a good i n t r o d u c t i o n  to t h i s  f a s c i n a t i ng

subject, and by f ar  the  most comp lete stud y is the book of

Corey and 3ohnson (1978?), Computers and T n t r a c tab i l it 1: A

~~~~ ~2 
t he’ Theory of NP-co~pleteness.

Let n = N I  and a = j A~ , the numbers of nodes and arcs

iespccttvel y. When conven ien t , we assume N {1 ,2,...,n~~.

In each of (1) — ( 2 )  and (4) — (5) , the des i red  s o l u t i o n  may

be r ega r ded c lS  a subset of A or , relativ e to a given index-

ing of A , as an ordered a—tup le of 0 ’ s and l’ s. There

ar e 2 a such subsets , but mans- may be quickl y ex c luded by

paying some attention to the combinatorics of t~’c’ problem .

Howevei- , even . . t ft e r  such exclusion and even for mod erate

H
-. ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



6

values  of n , e x p l i c i t  inves t iga t i on  of a l l  the r e m a i n i n g

subsets is imposs ib le  even on the f a s tes t  compute r .  To i l lus -

t r a t e  t h i s , consider the  case in which a ~ 0 and the graph

C = ( N ,A) is und i rected and complete , so t h a t  A = n(n—l)/2.

( 1) Shor tes t  paths  are s imple .  When G i s  complete the
- . . n — 2  n - 2number of simp le p a t h s  f rom s to t is k )k !.

( 2 )  Each connected  s p a n n i n g  subgraph of minimum wei g h t  i s

a t r e e -. When C is comp le te  the number of spanning trees is

n-2n

(4) When G is complete there are ~n/2J arcs in each

maximum m a t c h i n g .  The number of matchings consisting of Lmi /2i

1 2k k 2k+l 2k karcs is ~~ k )k when n = 2k and ~~~~~ k ) k  when

n = 2k+l .

(5) When C is comp lete the number of tours (considered as

sets of ed g e s)  is ( n — i )  !/2.

l f  a computer  r equ i r ed  onl y 10~~~ seconds ( o n e — t e n t h  of

a nanosecond) to i nves t i ga t e a p a r t i cu l a r  spanning t r e e , the

t i m e  requi  red to inves t  i ga te  a l l  ~~~~ spann ing  t r ees  would

be’ about .01 seconds for n =- 10 , 54 hours  fo r  n = 15 ,

years  for  n = 20 , and 4 .5’l 0~~~years  fo r  n 25.

This explai ns wh y on e speak s of t he “ c o m b i n a t o r ia l  exp los ion ”

in connect ion w i t h  such problems , and why an a lg o r i t h m  t ha t  is

merel y “finite ” may be useless  except fo r  very  small  p roblems .

Time goal of c o m b i n a t o r i a l  opt in m i~ a t i on  is to find algorithms

that are’ useful even for  very  la rge  problems .

-
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h e w  i s  the s~~’ e ’~~~ l e i  au a I g e m  i t  hum t o  be mue , m s c m r t ’ ~l .‘ O i m e  may

e’emp. m m t ’ t h e ’ ~~01 t o m  u m , t n c e  o I two a I go: i t  titu s t o t  the ’ same’ pm eL’

I em en a t e’w m u s t  .i i s , ’ e m  spec m a t i m i t  em e st  , him t h~ w m e ’ I o v a m i t

i s  t h a t  t o  t im e i i  l’e ’ i m ~ ‘ m  m a t s e’ en et  he ’t mm ~~t . m t i ~ ’~ ’s .‘ One ’ t~; . ty  t ’ ,m s e

t h e ’ co;~~’a m m s~’:i om i .1 l,i m ~ e : t t u s L ’ e ’ e i t o ;  I .Oicc ’~ ; ,.‘ l t e : : e ’tm i ll a I

. 1 1  em m .m t s t ~ ‘~~t t as  ti i ,‘it , but I hat iua~ ’ be V o l  v cx ~~~‘: t - ;  ye  and v e t

h o t  ~~ 1 i de  a m c ’ 1 i .mb Ic ’ i tot  I Ca I t o t .  e t pe ’ m t o t  uomm tL ’e ’ ~~ t i  I i t ~~~t . t :o e ’S

much l a m  ~i~ ’ i I t i ami  t lie : 0  1 c ’S t ~‘d . i t em e we h.-t ve ’ used l.a :i~t hence—

t o m  t h w i  11 u se4  t h ~’ I e :  i i : ;  p tm et ’l  t ’~~i and i n e t  a:i~-~’ i i i .  I l i t ’ s e m t e ~ - 0 1

Abe e I a 1 . l ’ ) 4 )  . l actt Inst . t t i C , ’ 1 s a e s~ o’ 1~~~~t ed w i t h  s_ i :  i c i t  -

m t u ;- ,s t t s ’ ,i 1 ~ta 1 a .1 m id .m p i  et~ I cei: t t ie’ C l . i~~~~o t .i 11 15 St  a l i c e’s

a spe c i t  i t ’d t o t  ~~. t-’em Ox r~ ’ I ~ , t h ~’ noi x t~~so~ oa t  cli i m ig p r e b—

I i ’im m t t he ’ ~‘ 1.is: ; e t  . t l  1 m ti ~~t , t h i . C c ’S e I I li e ’ t o :  4)

I t  i s  e ’ ~~‘e ’C I i’d • ~‘ ‘. cecir  so , 1 l.a I 1.11 cc i mu ; I a t i ce  a w t 11 usu—

a l l  v ti c’ ~~ ‘l ~~~ m om e ’ S I~~w l  v 1 l m , t i m  sm,mI I m u s t  , I1IC ’S. F’em pmeL ’I~’s;

iii ig  a t api. C t N  , , t h i t ’ pat .cut e t c t  :; :i N amid

0 OV t J t ~ .t It o t t i t , i  I tflc ’ . t S i i t e ’ et  t he :;i :c e t  .tn i m i s t  am i ce ’

W hie ’m i I I : .  .1 1 ‘. t t i ct  t o I l  01 t t t e ’ : . c ’ 1 5 1 1  . iI :s’I  ci  s , .i n a l g o t  i t  hut i s

so t ci t e t~e e t t t i t l e ’)  c~ou’ 1 ex i t v ~ mm , a i t the mc ’ t s

e’c’ t t s t a t m t c such t h a t  t o :  a l l  C ~- I N , A 4 t h e ’ . u l g o :  i t  t io  m c —

d c i  L i  c ’s .11 its ’ :. I 1 411 , . t  COLO ’it 1 .m I 1011.1 1 st  e t ’~ . ‘l’hie net i o u  ot

st e ’p ” mu st be t mit  • ‘ t p m c t  t ’d ‘ t i  t e t f l t : i  c)t  O i l  . lp p i op i  t a t e ’ tiic ’clt’l ot

.i I m o t t  • am id I ol i e 1 e ’\’ . t t i c ’ c ’ t o  i ’ m . -mc t i ce  t h e ’ mode ’ I sites 1 d be

s ’t i I hme ~ i .imido m ii .-m~~’ s ’ e ’SS  ep em - a 1 t o I l : ;  01 mue~Iermi ~ 1 oct  me m i i c

e’em t’ tm t e ’t  . I ’ tie ’ c i t  t i C  iott lit ’ t e i S l i t  t e 1 1115 0 1  t he ’ RAM mode’ 1

0 t 1 .1 :~~I, ‘ i i i  0 c Ce ’s S coot ’s t . m t  ion  ‘I C ’ t i c  i ,. bed b~~ Cock a mid ReL’khtow

1 ::‘ ‘ 
. 
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(197 3) and on pp. 5 — 1 4  of Aho et al .  ( 1 9 7 4 ) ,  u s i n g  the uni-

f o r m  cost c i i  t e r  i o n .  W i t h o u t  t o o  muuchm d i s t o r  L i o n , the  reader

may simp l y interpret “St ~~ , ‘ as .1 sing le arithmetic operation

(add i t  ion • m u l t ipi  ic ’a ti on  , counpar i son , o t c )

A ~ood algoi i t h r n  is one t h a t  is polvnot:u all y laoutid e ’d—— I s

of coop l e ’xi Lv 0 ( 5 p0q ) f o r  sonic p and q. And of course

we ’d l i k e  the ’ t ’xpo m i t ’n t s  p and q to be as smal l  as possi-

ble ’ . Th is n o t i o n , p o p u I a n i ~~c ’d by r~dmonds ( 1 9 6 5 a )  and

Cobhamu ( 19 t i 5 ) , is mean ing f ul  iii theoretical st u d ie s  and also

u s e f u l  in p r a c ti c e .  S ince  a t. n 2 , an O ( ~~Pa~~) al go r i t hm

is also 0(5 N~~~) ,  However , n and a are m e n t i o n e d  sep-

a r a t e l y because a is mu ch less than ~2 fo r most g r ap h s

a r i s i n g  in practice . Note that i f  an algorithm is to take’

a d v a n tag e  of the  sparseness of the  i n p u t  g r a p h C = ( N , A)  in

order to ach ieve  p e r f o r m a n ce  b et te r  than  0 (n 2 ) , t hen  C

cannot be input as i t s  f u l l  n~ m i ad jace ncy m a t r i x .  I n s t ead ,

the i n p u t  may c o n s ist  of l ist s  t ha t  t e l l , f or each node

i ~ N , w h i c h  o ther  nodes j are  ad j a c e n t  to i , and t h a t

a l so g i v e ’ t h e  a r c lengths .i(i ,j)

The above not ion of comp l e x i t y  involves  the w o r s t — c a s t ’

betha v ior  of an al go r i t h m , but  ave rage— case  behav io r  is also

imupor t am i t  in  mtoimiy app l i c a t i o n s. For this notion to  be mean-

i n g f u l , the samp le spoce must be ca ref u l l y  de f i n ed , and for

i t  to  be useful the sample sp ac e must  be a p p r o p r i at e l y  re-

la ted to the in s t a n c e s  in  wh i c h  the a lg or i t h m  is  to  b~

appl ied.  Sect ion 6 d i scusses  the average-case b e h a v i o r  of

c e r t a i n  al g o r i t hm s , but o therwise  we arc concerned o n ly  w i t h

w o r s t — c a s e  behav io r .

-
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In the lntc’rcst of hi c v i  t ‘
~
‘ , the’ p r e c e d i ng  t t : i t ’e t i _ i -

g r ap ht .  ii,,v~’ clot :;c ’~t eve t :;elsc ’ impel I om it proc t i cal  and

p h i  I o e e p h t i c ’ .iI ~‘e~~St t o i l s  ~‘0Iit ’t ’l ntmit j t h e  e:t~’o d i u i g  of  ~1ata , t h e

7 1 at  m t i m i s t i  i ‘ be’ t ~‘e’e ’ii ‘t i m i ~ t i o n  ~‘t ot ’  I t ins ~ nd dcc i  s ion

p m o b  I en:s , t i ,  cl t ~’ i C e ’ of a mode’ 1 f o r  coosu t .11 t o m . , t lie t e a  t o n s

‘o pt s. , I si ~oI  v u i ~’rt i a I bou :ide ’dnc ’ , and t he’ ~‘i  t fci I I s

as:ecj,mt i’d ~ t l i  a v e t  ice  ~‘ , i : .c ’ belt _tv ~o t .  Tti,’se ’ In.tt to: S _ i i c ’

t rooted l i  t ’oo~ .i:i , l  }1i ’ c ’i~1tots ’ ( 1’)7 3) , Alit ’ 01 01 . (1  ‘ 17 4 )

t . _ t i ,’lo r ( l9 7 t ’ ) , Ice i_ he ( 1d1 7 7i and C ar ey  an5l ,t~~ti~~eo~: (1  ‘~7~I )

i t  sitoitid . o I  so l~~’ st e ’ : : . ~~’d t hat i t~ on ~~lg o t  i t h n i  work : ;  we ’l l  i t t

Proc  I lee , I r o gu on  L I  y h a m i d i  i ny lo  ig~’ iii: ; I , l t t c e : ;  w i t  ii ania:~ i tic

0.1St ’, t ht’ii i t  1 5 01 COlt! S~’ a coed am i d u s e f u l  a l g o r i t h m  even

t h o u g h t  i t may not be’ “ steo~l ”  in  t h e  t e~’h : i i c~i1 se:i::e us~~ I nt~ t e ’

Tht ~it  i s  t rit e’ , fo r  exoot’l c , el t h e’ simnp l ox a 1 ~m o i  i t  ho of 1 t !i~ ’. tr

p r o c  r .ii:ts t i : t  , t  . I t  i~ ’r:; I c i s c  bohav i o u  i s tie t pol v :too i _ i l  1 y

boumide’d (N l~ ’~’ ..t~d Mi. m i t  v , 1’) 7~’ .l e ’ r o t  l ow , i~ 7 ,\t. j o

Chv .i t .11 , 1 9 ’ t’ • c’vOfl for mi mi t orto cot; t f l o w  pi ot’ I e’Ins ( :adt’ti

1~~7 4 • am id  i t  S .1101.100 — c_ is , ’ b~~t t . i v  101 bi as n o t  be~’:t pt ovc,i to

b~’ pol \‘miouii 1011 V h ’ound~’d iti .1 T1V Sc’flSe ’ t li .tt  is _‘esv i iiC 1 r ig  I v

re ’ l~~t c ’cI t O  ~‘o:::pit at  i c’na 1 pro ct Ce . Neve r  t h o  1 e’5S , there i ii

strong emp~ i c ’~~l ~‘vi d~’ut ~’~’ Lh ~~ t t h e  . t ve r ag ~’— c . i : - ~’ t’ . ’h_ tv ioi is

po 1111001.1 1 1 i, t ’o i t r t ~Ic ’~1 ( liam i I..’ i c i  , I c~. ~ , p. 11’ i) . Cti t tie ot  tt~ ’i

hand , :; pec : a I i:~~’ t s~ ‘ : k  ~m ]  get  t t ito:; .1 t o  , i s t  I o he t O  st e’ r tb_ in

the’ S I op I t ’ x a 1’ 01 t Ito fo t ’ p t ot ’  I e’OS to IStI t d i  I t t~~ i’ t O O  COI l

applied (ttrodl ~’v , 1’)75 , p. L’~~~)

ITi.. 
- 
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3. WHAT IS TI LE STATE OF THE ART?

Problems (1) - (5) are admittedly special in nature , but

combinatorial optimization is concerned with. special prob—

lems . Thus it may be reasonable to judge the s ta le  of the

a r t  by w hat  is  known about  (1)  — ( 5 )  . These problems appear

in var ious  ways in t h e  nex t  four  sec t ions , i n  w h i c h  the s tate

of the a r t  is rep resen ted  by three’  each of pr inmary land-

marks, secondary landmarks , cxc i t i n y  recent advances , and

di rec t ions  for  f u t u re  research . i f  p ermi t t ed  to make a

summary judgment in architectural terms , we m i q h t t  say t ha t

the subject  of c o m b i n a t o r i a l  o p t i m i z a t i o n  has  gradually been

t r a n s f o r m e d  f rom the rococo to the m e r e l y  baroque ( t h us

revers ing  the evolution that occurred in a r c h i t e c t u r e )  , but.

i s  still far from the simple elegance of the c l ass i c  orders

or the sleek functionalism of modern archi lecture. T h is

re fers  to a d e f i n i t i o n  of rococo as “ a m e a n i ng l e ss  a sse m b lag e

of sc ro l l s  am id cr imped c o n ven t i o n a l  shc l lwork , wroug h t  i nb

a l l  sort s of i r r e g u l a r  and i ndesc r ibab l e  forms , ” and of

baroque at; “odd , grotesqu e , bizarre ’, having umiusual forma-

tion. ” The scm-oils and crimped conventional sheliwork arc

the many papers in  the si.m h j .’cL wh i cli repeat , in o n l y  1 i q h i t l  y

d i f f e r e n t  form , al g o r i t h m s  tha t  appear i n  e ar l i e r  papers .

As the s u b j e c t  has developed , the se “ s c r o l l s’ have f a l l e n

away (been f o r g o t t e n )  and in t e r r e l at i o m i sh i ps ha ve been dii : —

cove red among much of wha t  r e m a i n s .  Thc ’ sub jec t  has even

achieved a conside rab le  degree of a r c h i  t e c t c m r , i l  u n i t y  ami d  may

now properly be regarded as a branch of m a t h e ma t i c s , or of

.‘

~ 

.:‘~~~~:~ ~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ______
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’

opt’ tat b u s  it ’ search , em ’ of com’.tput e’ r SCience .  lioweve r , the

hi .111 ( 11 I t t  cc’ i t  .m in 1 y of ‘ u r iusua 1 f o r m a t  ion , “ tte ’~’au se in  t he

1 oute j  r . e ’ .i m cli f o r  good ” a lg e r  i thmus for (1) — ( 5 )  , none list;

hi ’em, p rove d “ l i e  t “ m e  I at i Vt ’ to t he RAM model of compimt at ion .

4 . TU ~i-: P PR I MAI lY LAN [)MARKS

Tln’ee’ I iut , ’t; et  I j i v t ’~~ t j  qat  ion st , .iieI out. f o r  t h e  1 V I n i r  j u l -

s1 ~‘ dept hi , m m m d  the’ i r  i n i l  u , ’ m tc ’e ’ on t h ’ rest of th~ f Ic 1 d .  They

a m e ’ .u;soc i at  od wi  t h i  p r o b lem  (3) , W i th. p r e)hl  ems ( 4 )  , amid lt ’ss

d i rec t l y w i t  hi ( 5 ) .  We ’ c om t t ; i d e ’ r o n l y  t h e ’ d i r e c t e d  ( ‘OSe ’ of ( 3 )

hiec.iu~ e i t : ;  f o rmu l  .11 i omi I: ; si i gh t I y si mp l or.

I t .  T h e ’ Ma x i ntuit. F’ I~ ‘w P m ob I ems

am id I t  it Ram i I icat io n s

F’or e’.iehi m e~~l f u m i e ’t b i t  4’ on A amid t ’o ’ hi m i t i i l e ’  k e N ,

l e t

11 k ~~ (k , ~) ~A 4’ (k , j )  - ~ ( i  , k )  • A 4’ i , k ) .

‘I’hte f un c t  tou t 4’ ii ; o u t  ( : ; , t ) — I low .1 it ~a t  i t ; I let ; bite’ c’ei m l—

Sc’ I’V ,t t i out  eoulej I t I till, ;

(a) 0 for all k e ‘ (s ,t }

-

~ 
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(at any Intermediate node , the outflow equals the i n f l o w)

from which it follows that ~i~~(4’) — ii
i 
(4’) ( t h e not  ou t f l ow

at  the Sou l  CL ’ s equals the  net inflow at the si n k  t)

The number j j ( ,i) is call ed the s—value of 4’. T h e f l o w 4’
is a— f e a s i b l e  i f  i t  s a t i s f i e s  the capacity constraints

(1’. ) 0 ~ 4t (i ,j) a ( i ,j )  for  all ( i , j )  e A.

l’u ’ot’lem (3) ask:; for an a—fe a sibl e flow of m a x i m u m  s — v a l u e ,

‘l’h i i s a l i ne ar  proq l’OlflIS t u g  probl ems i n  I. lie var  i ,‘tbl e~ 4’ ( i ,

w i t h  object  .i ye fund  ion  t’~~. The fe’as i bl e req ion I s th u .’ com i—

vex pci i ytope 1’ d e f i n e d  by the  equa I i  t i c s  ( a )  amid t h e  i i i —

equ.t  i i  tic s (N . Thus (3) cart be so] ved by general 11 near

prog ramnm i ng a 1 qe i i t hints , but i t i 5 .iI so amuemioble to t he

spec i a] me t.hiodt ; of combinatorial opt i mii i sot. ion .

An (s , t )  -cu t i t-i a set of arcs whose reniovo 1 from C

le’ovc ’s no di ret ’ t e d  p..t ii f rom  to t . Th e’ in it i a 1 q u e s t i o n

about r a i l  caI’ .ic it jet; led to  the max— I low mimi— cut I hieot’omu of

Ford and Ful ke r som i  (1 95t ) (di st’oveie ’d also by El I or ; e t  a F.

1 9 ¶ i t ’ ) ami d to t i l e ’ It ’ book on f’~ ow:; i i i  Net work;; ( I- ’et’d anti

Ful ke rson , l h t t , ’ ) , w it i cli St i mu l ob e d  much m -esea rcht on comb i m i . t—

t o  i i  al opt i mit i .‘s. t i o n .  The t heorem a s t e  m I a I Ito t t he max I mont of

the :; — vol uo;; ci f the a— leo sib to (s , t ) i I ou~s it ; t’qua 1 to the

mit. imunt oh t h e  We’ igh it oh t h e ’  (s , t ) —~‘ut n . ‘l’htc I I  ew— a u q n u e’r i t —

I n.j pat It ;; u sed  t ci pt eve lb :; t h e o rem  a r ’  uSCel o l t s ’  i n  an

a 1 gor i thm tot’ 1 i r i d i n g  a ma xi mum flow . A;; deso m I hod by Ford

and Fulket’son ( 1 9 5 / , l ’~t’.’) , t h e  . t l  qor i ( h in t i s  ne il polynomial l y

bounded but it h .as been app I i  ~~el Si t e’e’e s i t  f u t  l y  to .-t I.’ti tie num-

ber of prac t i ca l p rot’ 1 efli;; . Edmonds ari d Karp ( l ’~7.’ ) use’ the

~~~ IL’ .~~~~~~~ ‘ -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - .-~ - - 
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method to pr oduce an 0(na 2 ) algorithm (see pp. 116—120 of

Lawler (1976) for an exposition of their work) , and

Kinariwala and Rao (1977) have a different 0(n5) algorithm.

The 0(n2a) maximum flow algorithm of Dinic (1970) is im-

proved by Karzanov (1974) to 0(n3). Section 6 contains

additional comments on the Dinic-Karzanov algorithm .

Space permits us to mention only a few of the many con-

sequences and ramifications of network flow theory. An

early observation was that if the capacity function a is

integer-valued then all vertices of have integer co-

ordinates ar-md hence any linear integer program over car t

be solved as an ordinary linear programs, without worrying

about the integrality constraints . That led to the search

for other integer programs which could be solved as linear

programs and thus to the study of totally unimodular matrices.

See Garfinkel and Nemnhauser (1972), Her ( 1 9 6 9 ) ,  Lawle r  ( 1976)

and their references, in a different but related direction ,

the theory of blocking and antiblockin g polyhedra (Fulkerson ,

1971; Chvátal , 1976 , pp. 316—318) may he regarded as a f a r —

reaching generalization of the max-flow ruin-cut theorem .

Suppose , in (3), that each arc (i ,j )  A has not only a

capacity a (i,j) but also a cost y(i ,j) of sending a u n i t

of flow along the arc , and suppose there e x i s t s  an

a—fe asible flow of g iven s-value v . The min imum-cos t  f low

problem asks for such a f low 4’ whose cost

E (j j ) ( A  y ( i , j ) 4 ( i ,j )  is m n i n i m u n t . The primal—dual approach

to f i n d i n g  min imum cost f lows led to the general  p r i m a l - d u a l

linear programming al gori thm of Dant zig et al .  ( 1 9 5 6 ) .

~ ,L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- -
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Many other problems of comb i natori a l optimization can be

reduced to the maximum flow problem or the minimum-cost flow

problem. See the next paragraph for one example and Lawler

(1976)  for o thers .  P l a i n l y  if a s i ng le pub l i ca t i on  is to be

named as the most important landmark of combinatorial optimn i-

zation , it must  be t he  book of Ford and Fulkerson (1962). It

is now outdated in  many respects , but  that merely indicates

its success in s t i m ul a t i n g  the development of a new branch

of math en t a t i c s .

B. Maximum Matching

Because of i ts close r e l a t i onsh ip to other  c o m b i nat o r i a l

top ics , special a t t en t ion  has been paid to the case of the

maximu m m a t c h i n g  problem ( 4 )  in  wh ich  each arc i s  of we igh t

1 (card in a i~~~y we igh t i n g )  and ~ is b i p a r t i t e. Let P and

Q denote the two parts of the node set , and forts a directed

graph D by adding new nodes s and t, new arcs (s,p)

ar-m d (q, t) for all p ~ P and q E Q, and d i r e c t i n g  a l l

old arcs front P to Q. Let each arc have capacity 1. Then

the maximum m at c h i m i g  problem for G is eas i ly  seen to be

equiva len t  to the maximum f low problem for  U . Hence the

maximum cardin ali ty match ing  problent  for  b i p a r t i t e  graphs can

be solved as a ntaximum flow problem , but it can be solved in

other ways as well,

A theorem of Berge (1957) assorts that for cardinality

weigh t in g, a m~’t tching M is maximum if  and only  i f  i t  a d m i t s

no ~~~mcnting ~~~~~~~~~ This  is a simple path S whose end node s

- ----



15

are not covered by M and whose arcs belong a l t e r n a t e l y  to

A~ M and t o  M. I f  S c A is such a path and M ’ is tht’

symmetr ic  d i f f e r e n c e  M~ S (W-S) U (S’-M) then M ’ is a

m at c h i n g  w i t h  I M ’  I ~M I  + 1. SUpPOSe , conversely, that

there  e x i s t s  a m a t c h i n g  M’ w i t h  IM’ I > M I  . Fol lowing

No rman ond R ab i n  ( 19 ~,9)  , con;; i de’ r t h e  graph C’ = (N , A’

where A’ M~M’ . Each .  n ode of C’ is of valence ‘. 2 , so

C’ is a rtodc—dis)oirtt union of i~~ol~~te ’d nodes , c i r c u i t s

whose arcs  a l t e r n a t e  between M amid M ’ , and alternating

path ;; . S ince I M ’  I > M , at least one of the alternatin g

paths is a r t  aut qruen t  ing path for  M .

For the’ e’ordinality weighted bipartite case , augm en t ing

paths arc re ’lativ e ly easy to find ; an 0(na) maxiniuni match—

intj algorithm s that is unusually easy to understand , analyze ,

and program cam . be oht a l im ed  by s pec i a l i z i n g  the method of

Desler and h l a k i  mii i ( I  9 6 9 )  . fly t i m i d  i m i g  several  augnmert t I ng

p it ht~ Simultaneously, iiopcro ft and Kcirp (1973) produce an

e l e g a n t O(1Y’a)  algorithm . When G i s bi p a r t i t e  but  the

a r c — w e i g h t i n g  a i s  u n r est r i c t e d , (4) is cal le”d the a;;:; i qmi--

merit problem. The be;;t ava i l ab le  al yo r i  thin -i s are ’ of

complexity 0( pq 2 ) ,  where p and q are the  cardinalities

of the two par t s  of the  m- .ode—s et ( K u h n , 1955; Tomizawa , 1972;

Lawler , l9’/ ei , pp. 2 0 1 — 2 0 7 ) .

The work of Edmonds and o t h e r s  on n o nb i p a r t i t ’  m a t c h i n g

consti tutt’~ ,. second p r i m a r y  landm ark in time development of

comnbi m st t om i al opt m u  z a t  ion . Augn ue mit lug paths play a role

here too , but  i t  ii ; much mote  d i f f i c ul t  to f i n d  them e ’ f f i —

cienily titan i mi the bipartite case . For se’veral years there

IIIL,~ - ~~
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was doubt about the existence of a good nonbi partite maximum

ma tching al gori thm , even for cardinality weighting . However ,

Edmonds (1965a) found an 0(n 4) algorithm and then (1965b)

showed how to extend it to arbitrary weightings. His imple-

mentation is improved in the 0(n3) algorithms of Gabow

(1973, 1976) and Lawler (1976, pp. 217—263). See also Feicht ,

Heck and Pape (1977). For cardinality weighting only , a

fairly simple 0(na) implementation is provided by Kameda

and Munro (1974), and the ideas of Hopcroft and Karp (1973)

are extended by Even and Kar iv (1975) to yield an 0(n~
’2
)

maximum cardinality matching algorithm for general graphs.

It seems safe to say the la tter has not been widely checked ,

for the joint paper is quite condensed and the detailed expo-

sition , in the dissertation of Kariv (1976), requires more

than 200 pages !

The nonbipartite maximum matching problem is certainly

one of the deepest for  wh ich good algorithms are known , and

the ra tionale beh ind Edmonds ’s approach has been inf luential

in other ways that space does not permit us to describe

(Edinonds , 1970; Chvâtal , 1973). A book on matching is being

written by Edmonds and Pulleyblank (1978?).

C. ~P-Comp1e temiess

A third primary landmark of combinatorial optimization

was the discovery by Cook (1970) and Karp (1972 , l975a ) of a

large class NPC of combinatorial decision problems such that

(i ) NPC includes many important and d i f f icult problems ‘

j  -.- — -~~~~~~~~~ - - -
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of c o m b i nat o r i a l  o p t i m i z a t i o n  ( f o r  example , a close relative

of (5))--problems for which good algorithms have vainly been

sought for years by many researchers;

(ii) many problcmns in ~yc are at least s u p e t t i c i a l l y  sim s—

ilar to p1 t)lems for which good algorithms are known ;

(iii ) if even one member of NPC admits a good al gorithm

then they all do.

The precise definition of NrC dope ’rtd ;; on the notions ot a

c l e t e r m ;n i ; ; t t c ’  Tur ~j~~ m ac h i n e  (DTM) , a nondet t ’r m n j n i s t i c  T u r i n q

machin e’ (NTM) , the comjth’xi~~~ of a TM , and other m tOt ions f rom

the theory of computation . The details are coutpl icated , but

some may be omitte’d because it is known that a problem admit;;

a good algorithm for the RIU’h model of computation if and onl y

if it admet:; one for the DTM mode l . Thus for present pur-

poSe;; a i)TM may be regarded at; an ordinary computer ptoq r ant ,

and an NTM may ho regarded .is an a n i m a te ’ LY I’M so f e c un d  and

imag inative that it can , at the start of a computation , mak e

a finite number k of guesses and immediately split into k

rep l icas  of i t~~e’1 f ( to  be run simultaneously) , one to imives—

tigate the Coiiseqneticc ’ S of each quess .  The complexity of a

TM is a f u n c t i o r t  t h a t  t e l l s  how long it takes  t o  process sets

of input data of various sizes .

Let P (reap . NI’ denote the ’ class of all decision problems

solvable by DTM ’s <resp . NTM ’ ;~~ of polyn oni ially hounded com-

plexity. Then ~ c on s i s t s  of a l l  decis ion probl ems that admit

good a l g o r i t hm s .  And N P  cons i s t s  of all decision problems

for wh ich  an a f f i rm a t i v e  an swe r can be obtained (when correct)

by app ly ing a ~olym io nu iall y bounded “checking algorithm ” to th ~

appropriate guess output by a finite “que ssing algo rithm .

I
-
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(For example , (xVyV~)A~~~ i s ; ; a t i s f i ab le  but

xA (yV z)A (xV ~~)A ( x V y V z )  is r i o t . )  It  is um i k r t own wht ’ther  there

is a good algorit hnm for  d e c i d i n g  the sit is fi~~h i l i t y  of an

arbitr ary express  ion of I e , u q t I t  ii . Cook (1970) showed t he ’

sa t i s f ia b i  i i  ty  problem to be NP—comp le t e  a mid t h on  K ar p  ( 1 9 7 . ’,

19 75.i ) c~~t ~b I i ;;ite;1 t h e ’ N I’ -- comup i ct eness of many  othei prohl  ems

Y by s h o w i ng  t h a t  Y NP ( u s a . m l  l y e a ; ;y )  am i d  t h a t  t h e’ s . it  is—

f i abilit y pm oh I t ’’; , or SOnic ’ d u e t  problem ~ now;. to h t ~ N P —

comp i e’ t e’ , S t e d  so i b Ic to Y . Ga rey ~u mte l  ~1oI iti ~ o~ ( 1  .7 8  .‘ ) hi~ vc

not onl v t he’ moot e’ x ten’.:; i~ ’e li: ; t ct N }‘ - -  c oop  I o t t ’ pr-oh I ems , but

also an CXCC’ 11 ent discussion of Var iou;; ot m a  tc’y i Cs I or  prey i r i g

N P —co m p l  e’ I cn c 5;;

I n add i t  i or. to the ’ d o o r  on problem moat c lO Se’ ly r e l a t e d

t o  ( ‘
~ 
) , the fe ll ow i m ig i s a I so NP— c ompl  e tc

(5 ‘ ) Pete m i  nrc whether C adn ’ it s a tour.

It i a easy to i~~ dt.rce (5 ‘ ) to t h e  sp e c i al  case o f ( 5 )  in

w h i c h  a l l  a i c —  l e m i g t u i s  are 0 or I . For let

A’ r { ( 1 , 2 )  , ( .‘ , 3) , . . . , (n— 1 ,mt ) , (mi , 1) } ant i  comis i dci the auq—

mente’d graph C’ (N , A; )\ ‘ ) . Let ea ch a t e  i n

A <re’sp. A’ -~A) be of length 0 ~resp. l~ . Th t e n u C adut i t a a

tour if and on] y i t C’ adnu i t a a tour of lcntgtht 0.

No te t h a t  i f even t one NP—-hard problem admi t s a good al qo—

rithm , then P N t’ . In port i c u l a r , I’ NP if aiid only if

(5’ ) a d m i t s  a good al got i thin .. These’ facts , ( i ) above , and t he

fact that NTM ‘ s a..’emu intuit i ye lv to be much more power ful

than IYI’M ‘5 , are rt’q.m rde’d by many re’sc’a r chc’ra as a I most cone lii—

s ive cvi  dence that P s N .  hI~ we’vc r , i t  t a  a l so cdtice ’ . vabl e’

that (5) or (5 ‘ ) adnu I t s a ‘ie~~cl alger i this but. doe s not a d m i t

one of contpl ‘x e ty less than 0 (m u ~ ) where p is v.’m y 1 a rqe ’

- -~~~~ 
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a-nd the algorithm therefore so complicated that it is un-

likely ever to be found, Good algorithms have been useful in

prac tice because for problems of practical interest they have

seldom been worse than 0(n 5) and the multipliers c have

not been excessively large. Does this say more about the

complexity of the interesting problems in P or about the

limitations of human ingenuity in devising algorithms?

We mention only a few more ~~—complete combinatorial

prob lems , mainly to illustrate the aspect (ii) stated above

and to prepare for later comments. In precise treatments ,

the term “NP-complete ” is usua lly reserved for decision

problems such as (5’) and not applied to optimization prob-

lems such as those stated below. That distinction is

ignored here, for our aim is only to provide a rough under-

standing of ~~-completeness. The problems listed below all

appear ( in slightly different forms) in the list of Garey and

Johnson (1978?), and all but (2’) are given by Karp (1972 ,

l975a) . 
-

The following problem should be compared with (1). It is

~~-comple te even in the cardinality weighted version .

(1’ ) For two given nodes s and t of G , find a long-

est simple path from s to t.

The following should be compared with (2). For each

fixed d � 4 , it is NP-complete even in the version in

which all arc weights are 0 or 1. The problem arose in

the design of telephone networks.

(2’) Given that G admits a spanning tree in which no

simple path has more than d arcs , f ind such a spanning tree

of minimum wc.ight.

_
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For the cardinality weighting , (4) is equivalent to

asking for a smallest set of arcs that covers all nonisolated

nodes of G. Though ( 4 )  belongs to P , the following prob-

lem is NP-complete .

(4 ’ )  Find a smallest set of nodes that intersects all arcs

of G.

A set X c N is independent if no two of its members are

adjacent (joined by an edge). Since X is independent if

and only if N-’X intersects all arcs, the following problem

is equivalent to (4’).

(4’’) Find a largest independent set of nodes in G.

The assignment problem , mentioned earlier , can be stated

as follows in terms of a nonnegative nxn matrix

Among all sets S of n pairs (i ,j )  that include at most

one pair from each row and column , f ind an S for which

E - c~ . . is maximum . This problem admits an 0(n 3)(1 , J ) E S  i j

algorithm, but the 3-dimensional assignment problem is

NP-complete . It asks , for a nonnegative n x n x n  array

(ctl~k
)

( 4 ’ ’ ’ )  Among all sets S of n triples (i, j , k)  such

that no two members of S agree in any coordinate , find one

for which Z . a .  . is maximum.(i ,j,k) c S ljk

Suppose , in fac t , that each is 0 or 1 and the

problem is merely to determine whether the maximum in ( 4 ’ ’ ’ )

is equal to n. Even that restricted form of the problem

is ~~-complete.

-J
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5. ‘1’hlRPF~~ I’.C0N P’C~\ IA ~ l~’h\ t\~ 
‘

Amonq ti m e ’ N I’— ito rd prob 1 ens., ti- ic t r ~~ ve ’ I t m a~ so Ic airsini ~ 
rot’—

lcmuu (5) .,nid i t  S t e ’ lo t t ye ;;  at ami d out  f o r  t itt ’ amour . t of .it ten—

i omi t h iev hove ’ l t ’Ct ’ i ved amid ti m e’ v a t  ie ’ty 0 t p t  act i cal

i t  clot i O n S  in ’ . ‘.~hr i ci; I he~ have’ a i r  s~- i i  . T h e ’ SOflk’ 1:; t I Ut ’ of

t i t t ’ a f r o ;  t c - s t  — p i t ii pm oh I ~ ‘;;; (1) t ;ts ’nm ~; those I or wtijct; good

a I g ot  i t tis; .- ; .mie ’ kn o w ; ; .  ‘l’he coil  c C  t , or; ;; of  a I gor  m t hiss de’o 1 i nq

w i t i’. these’ pr oh lens ;  I ~. t ;s t w~ se’cond~i ry 1 omt~I;uo rks 01 com;th i r io —

tot i~ m l  opt imi .- .t t i c ; , .  A t h i r d  i s  the s t c m d v  of L ’~~ t imtii ~~a t i on  i n

i ndc’pemude ’ n i c e’ sy at c ’n;a , wit i ct ; cx i g 1 riot c c l  (to;;; t he n;i i i i  t v_ inst

sp.ur ’.n i r t q  t i Ct’ problem ( 2 )  . A f o u r t h ’ ., n t o  t d isc  tts sod lie re , is

the’ p ar t  ox  pol y tme  d t o 1 comb t i i . t  t or i c;; t h a t  s I ud i c a i n t e’ r —

rt’ l o t  I ~‘ti Sii i p5 amonq ~-omb i flat ot  Lii opt inn :at icr - i  , 1 ineor

prog t on;;;;; ; ng  d ual  i t  y , amid t t m e  f .tc n - t i  at  r u ct  n r c  of convex

I yhc’d n o  ( Pdnr ~’ nd:~ , 1 ~~t’ ~‘ • 1~ 70 ; Vu 1 k ct - so;. , 1 ‘1 7 I 1 ~ 3

7 .’ , ci 7 7 ;  (‘f t y , lt  .‘.l , g 73 , ~ ‘) 75 ; hat i usk  m arid

ito t fm on  , l et  7 ;~ 7 )

A. The’ Travel ‘. r ig  Sa l e ’ sni -u’.

Some i nnupom t an t  pope ’ i s  from the e ar l y  h ; s t o  i v  of the

t t O V e ’ I i  ng ~ .i 1 e’sm.ixt prohl e’m a Fe’ t ho Sc ’ of Pa a t u n - u nt (1 ‘) 58)

t\ .nt t :i q  e’t o1 . ( l~~’~)) , L i t t l e  et  a l .  (19t’3) , Pin (1965)

Consory ( i ’ c> t’) and Sliapi ro ( 19 cc 6)  . A comprche’ns Vt’ SOt vey of

work up to 1 ‘ n S is pt cvi de’d b lie 11 more on - id Nc’iuiliauser (1’) es S

T h e ’ pt~e’se’xi t v_ it nat icm i ’m i s  summar i ~cd be’ low .

- — 
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‘ l t t o u g t ;  Ci Im imom e an ici Cc cn:.c ’’. v (1 Cl~~ 4 )  , ~~y ~o ( I  ~m 73) .cn ;ct

C at  I t i .c ’ 1 ( 1 e) 7 7 )  have t ow;d good al ~;o t n t  t u ~n ; ;  1 o r  Som e ’ cm n e  t cr 1

a 1 c.m sea of -
‘ ) • eit ’ve ’ b r ’  ‘Ut 5 0 t t li t;. :;c ’I t i r c ’ 1 i ;;; i t  1’d

b y t h e  t a~- t t h .mt IS) i :; N I’ l i _ t i  d even  I or t lie ’ apc ’c m o l  c . toc ’ in

wt n ; cit  C i s  un ,~i i n  t ’~’ I c d  ami d  (a) cad . at  c - I e’tlg t h is  I) c c i  1

or (I ’ C is  corn ; ’  l e t  e at id it: ; ;;~‘de ’ — - Sc’ t l i e s  i n n  t il e ’ PUC 1 i dean

p . ln i t ’ , t h n ~ 1 e ’t t e ;  t i n  0! c’ t ~’l; ~~; c’ 15’ ; t t i c  d ot  a ; ; c c ’ bet  w e cm i  i t  a

;r c cdco s . The ;;e ’ccs;d eo ;m ~ t I : ;  due ’ t e ’ Ca ;  c ’ , C i  n t r ~ i ; t n .m e)

John s~ c r r  C I ~ ‘ a )  o r a l  Po ;’ .t ~) t v _ n i t  r i o ; ;  ~
) e) 7 7 )  The l i s t  I ci icc.’;;

IT r onn N ~
‘ - -  cc ’;;;;’ lot ~‘:;~ ‘ S a o r  t he :m;;d i n  e ’C t e d  v et s ;  c n n  of (5

V i i i  d i  h o l d : -  c-ye ; ;  ; or  the  special caSt’ in wit ’. ch C a

3— v.n I. et .t  3— co ; ’. r ic’c t e d  p l a n .-. r g r.,l’h ~C_ . I e ’V , Joh i misci ’. .n~~d

Tat  j a n , l~~7tc)

When’. a prol’ 1 c’s; call:; for m m  i ;n ’e .ct 10~~ c.’ t 0 i i0 iit i cg~i t  1. y e’

f un c t  ton i  f , an a) go t  i t iiiu Icr t i c ’ n ’ t c b  I 50 ‘L S  :— 0 p i ’  I OX ; ;u.m t o

if  cact i  “ o~~i i tt  i o n ; ” ou t  p u t  h ’. t ~a’ al  c.;c.’ r i  t Sn; ha~ f — v a  h t m t ~ .t t

11105 t I i t liSt ’S t Sc ’ opLt mutt ; vo l  t ie ’ . N c.’ s’ S IIp~ c. ’Sc ’ t li _ I I P .‘ N I’

~cmtel  A C f o t  ;;cnno : 1  an — a p p ; o x  n oat  o ol e io i  i t  f in ;  t O t

the tin -id ;; o ct e d  c u s c  c’I (51 . Them’. Sahini arid Cc.’n’.50l~’:’ mi” .7c’’.

show A is trot poi ynom t a l l ’ . -  t’~~u~~elc ’d , wS ii o Popod imi t c-i oct

amt d St c’ 1 c~ l i t  ( 1  e) 7 7 )  : Scts ’ t h a t  i t  7t t o  a 1cc_ t i sc.’a n c ) ;

a l  g o t -  i t  1;;:; c t h e  ;;~~‘ ; t do sc’. ’. bed hc’ 1 ow , event t lie’ Sc’.i n c) ’. phase

is not  pci yriornn i all v

When C is  oral t t~~’c.~t~’d t h e ’ t t~ive I t U g  s a l e ’s;’ a pi Oi’ l e’iii

may be approached by the’ b _u i Sc ’~~i tcft 1St ’ t ilOda cl Li i ’ .  ( 1  ~) t~ S

Re iter and Sht ’r muan ( 1d ) cc~~ ) , Kars  and Titonipso ; ’. (l’-)i’4) as in’.—

pr oven.) by Kayrmon iel (1. c>~ ’.) , and inn.. m y  ot he’. s . See B e l l  ;sc.’ ; e ~ amid

Nemhaua~’r (1 ~i c~ S ) , Cat- ~ ‘. mike 1 ..t’.d Nt’mhause’r ~1’) 7 .’) , Savage’ et

al . (IC) 7 Ic ) , and Pc.’. pad i r n i t r  t cii a ;‘.c.i St el  o l i t  .~ ~ 4 7 7 )  f e ’! a fc’w

- _ . ..... . . ~~~~~~~~~~5~~~~ t~~r 
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n - ; o i c ’ r e ’ f c ’ x c ’ r i ce ’S.  I n ;  t h e ta’ .i1-~o n i t  ):a - , Of ic ’ o t c . m n t s  c.’ i l b  a r m

at  1;  ti- _ i nv t o u r  _ m n c . l  t hieni • b y St ’.i n cii t r r g  0 Sc’ t o t  t ou r :;  wi t  i c -l i

O tt ’ ‘oris i de  real i t  ;; itt ’’. c i h is’ n o  , c ’ 1 t u e ’! I I rid :; _t S t i c . ’ t ~ i ¶_ c . eO  I 05e1

( 1Sc.’ ;. i t  as  a n ew st _ i  r t  I ;i~ ; 
~‘c. c i lit e’I , i I TO ’ s h o r t  or t o u r  is

I o u n i c . l  l U  t i l t S  W O V  , tots ; ; n .u t C ’ ;- . ( t  c. ’i cx .i rnp l c’ , t i l t ’ n e t  c . r t ; l ’c. ’t  S

of a t o u t  ‘I’ ;- u g ) n t  be .111 t c .’U ; ; ;  T’  ~cb t  _ iirc _ it ’ I~ ’ ttc ;;; ‘1’ 1cr

i . t c . ’ i t ’ .g t 5; cc  : ;t1c .  c.’ c ’a ;  ~‘ e ’ a r c . ’;; i c. , x }  , x , v and ‘.‘, ci

‘I’ icy t ho m r e’s (c . , y , { ‘. , x ’. ar i d  { x , .‘ . 1 ‘I’hc m e ’ so i t  i n ic. j

t o u r  I S  I c.’c.’a I I v  e’;’ t i :n.i i ; t~ l 0 t  i V t ’ to ~ to’ ti e ’ i glnb~’r hood 5’.’; -  t 051

unc.len lv; ma; the St i r  c t ;  ; ‘ r  05c.’c . f l S t c ’ . ~~j flc.’c ’ the i c c.’.c.’.i 11 Y ot’t it’.l_1 I

so I n  t Ot t ; ;  oft on; t sin; out t o be ~ I ~h_ m 11 V otct  i in’.a 1 on c l O S e ’ t 0

t hat  , a ;;c.) ;; ; ncc.’ t h e  compu t a t  t o : ;  t i sic.’ 1:; oft c n n  ;nodc.’ st , t lie’ v_ c

Oe ’ t i tc . )c . lS ~l ; c .- I re’qucni t  1 y u:;e’c.i i ri .it  t .ic.’k 1 :; c.; 1.; t~~~ c. ’ n i o t  once ’ s of

5) . ii’ . t r i m ’. : ;  c i i ml t c.’.t t c.’;i~ - o n e ’ ; r i d ;  c~~t e ’c.I hr t tie ’ t heot-em Of

i’ap.td t o ;  t i  i O U  .incl Ste i c.; l i t  ( 1~~ 
-, . 1  nnc.1 h I t i c ’ I a c t  t hot  even

t t  I’ — N i’ nc. c t’X.ic .’ t ( i ’. .1 p ;’i ox i n o t  ~‘) 1 c. ’c_ i  1 50.1 r~~)i os; hod c_ i n ’.

be p o i v n om i  . t l  1 bo ’.:nidec.i ( S i n _ n o n e  et a 1 . 197;’ ) . See Cc.’ 1 do ;;

( 1 9l i)  t o t  S t a t i s t  ;c .~.i1 an ;,lvsi ;; of _m;rc t );or hc’u ;iat n c . ’ _ i p —

prc.c.ici’. to ( S )

Ch r ’ .  s t  ~~1 t des ~l9 7t ’ ) h a t ;  on ~~ ( i i  
‘ -~~ - - .n j ’p ;ox  ; o~ t c’ al  ~;cr it hn’.

ft-c r the’ S~~ c’d i ol c.’OSc ’ of n ’ ) in  itS i c . . i  C is a c.- c. ’r ;np l c ’t e it ; ’.—

d ir e c te d  - i r i j ’ ) i  whose’ arc .’— i o rig t h: - sal n a r y  t h e ’ t i i a n g l e ’

i n e c . i c m o l  i t y  (a ( i , ) a ( ; , i t)  ~ -‘ c it , 1 )  . It  c i rst I ii ’.ds a

ru i n’. i ni’.un’.i sp ar ’.n i nq t rt ’e ~ n’.el t i t e ’ni so 1 n _ c.’:; a mat  cii i r ig ‘~‘to t ’  i o n; .

l i i :;  .t m t c. ’ .l y s ’. :;  Is sharpened  by Cc.’n ; ; u c . ’ ci er .‘.‘~icl N c ’;n ;ha ’. i :;c t -  ( l~~ 7S

Wh ’ .ent C i :; um iel i t c ’ct ed .und O u t ’ sce ’h ;; a t ou t  t hi _ -it is

dot  m u te l y opt in to  1 , t h e  app roach  of h o l d  and K a r p  l i e )

i~~7l I i s  c.u i 1cc.) lot. It comb ’. ni t ’:; .~i h i 1;ic.’ h— Oiic . l bO(t l ’.e l  p ;_ oce—

dure  ( f o r  SUi  c’c y S  of scmch proceduc-es , sec law 1ev and Wc.’. c.’c.i

~~~~~-- ~~~~~~~~ ---~~~ -~~~~~~~~~~~ - ~~~~~~~~~~~~~ .- -~~~~~~~ - -  ~~~~- -- - — --— ~~~~~~~~~~~~~~~~
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I 9 b ~~; c ; i , u , I ‘ l u t e ; t’)it tc’ nn , l9 ’/O; n e c e f f r i o i i  and M , t r v _ t r r t , 19 7 2

and G a r f i  m m k t I , 1978) w i t h - i  c.m n . m n ; ’ e ’ n n (  m e t h o d  t h a t  invo l Vt ’;;

1 —t r e e ’’. ; , wIa ’ n e ’ thc ’;u ’ c ’ c . t t i ; ; j c t  of a l i ce  w i t  h i  n,ode- :;e ’t

2 , . . . , ri } t oqe f l i t ’  r w i t h  t Vs i i  0;; l in t - i  dcn t t o  node I . iii ntcc

( O t i r ~v_ d i e ’  t i r i t j t l  y 1 t i i ’ ~’n UI Vii  r e i n  ( ‘ . i c ’hi  ii vdc ’ i t ;  of V c . l I c f l e c  2 ,

a n i l  i i i  nn ni tnn 1 - I cc ’ t l i _ i t i ; ;  a toun  j s i n ’ .  ftn c’ t a miii mm i i in i mnn t o u r .

‘t’Ite ’ c .UO t ’ii  I v _ n o t  hod i n ;  ica :c ’el O t t  t i l t ’  l~ ic5t t h I  un inn i mont I — t m e O ’ S

a ic.’ e’_ mn ; y I c e f i m i d , atid th at ce’ i t ‘i~ ri 1 i irm ~~fotn ;i at i ten;; of ar c—

I e ’ r n c ; t  1, ~c i  c ’;;e ’I ’vo min i m i  m v _ ur n  tttimrn : b u t  m. iy  pro (buec’ new mini m m i n ;n i immn

— t i e ’t - . Titi’ a1’.Pr~ c mc ’l n of lie ’ ] d dU ( l  k i t ] ) i : ;  be -c ‘in ref i m c d  151’

l k ’ h d  et  a)  . ( 1 9 7 4 )  , l i t - I  i t i c j  Ilt tm t ;;t ’m i and Rrarup ( ]  5/4 ) , and

SImm i t  in ar i d  Tho;nrp;non ( J 977)

For t b ’  I n - ay e ]  i n i g  v _ . m ] e a m ; m i n  p r ob l e m  (5) • u n i l  ik e  t h e  sh o r t  —

e ’v_ t p. t 1’. pi oE rlt ’min (1) , I ion;; it m o r n  Iron  t h e  “ ; ;y mnnc t  n - i c ”

(un di 1 cas t en.l  ) cairn. ’  to t h - ic ’ qc ’i te i~~i 1  “ ti syrnn~ ’ t r io ” ( d i  i-cot e’d) oa nc ’

r o n i r l  t s in ;;i~ r n n i f i - om it u- e’duct ion iii t i m e ’  n j ic ’ of  i n s t ~~ nt cer ;

t h i t  can i c  - n ; c  V t  ‘ ci jU a icOm Scj;n .lh) I o ~--ifltOUtt f o f  t ifli~ . 1”or t It o

g cnuc r c t i c,1;;e ’ , t )nc h t ’n t  ‘ x i i I met h oc) in ; oppmi - e’nn t l y  a v_nod i [ira—

tiont , due’ t o  S i ’ n i t h ,  c’t a ) .  (19 ’ 17)  , cci c a m ]  icr met h o d s  of

1” ‘st  n ;ant  (1  9’~S ) , 5h n . t ~ i r e  ( 1 9 7 7 )  , am i d  h it ’ ]  m icro ar i d  N .,)  (‘lie’

( I  968)  . They ~ ] I re’ I y ott  the’ f o o t  t h at  th ere i m good

algot’ i t Itni f o r  nm m i n  i mic i i n cj t he  n ; umu ci ( rr ) cc ( i • ir ( 1 )

OVc ’m ’ a l l  pc ’innut ~mt loin ’ .;; ‘; :N’4 N (th u i n ; I;; ~m form s  of the .1;;:; ign—

me ’m ’.t p i o h i e m )  , w h m i  I c  ( 5 )  r -c qu i  Sc’;; m i r t i m i  ;;~m t  i om u of s (11 ) ove n’

t he eye 1 i c pc rnucm tc n t it cnn; ; .

Son-ic .‘.i’p i- ox i itt ’. to a 1 gem i t  hunt s f o r  ( 5 )  t h a t  hi.,vc qood

averayc ’— t i nit ’ bt’hi-’.v iot- a i - - c  mont i or’.c’d in Sect iou I,

~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



it . Sh t e c i - t cot Pat u n

S i u ’ n  t e n - i  I ’ l t  i i  a I e n c ’l i t  inn:; ‘e c e ’ i  t ’  rust ‘‘ c ’yi ’ ci b y fi t ‘y f cm n c (1 ‘ii. 5)

an t i  d i  - ‘ - n m ’ - ‘e e l i~~, di ’ I - i i I Icy fl~cv_~r’.e’l’d~~’ ( )~ u 7 . ’)  ,‘ii’.eI I c u t  I c  ( l e t  1( ’) .

i n  vi ’s - ol t i n ’ : , - ;- t u n c h i ’ ’ ’ , t i c ’ n a i l  vc ’y ; ;  i’y hir -telIcy (I d 7’~) arid

t. w I i  ( I~ ; 1 , ant i  I l i t ’ h em i i i  I c ’’ i n  ap i. st’:; e ’c ’)  I ‘ot ed by l’ n et  ~-c

(I ‘~ 
- i - b u i m l 1’ e j ’ c ’ i 1~ 17) • c.’t’ tin - ike on l y ci 1 ci, i c i t t i n  k n  lie i t ’

t ;m t i n , ’i I hart ’ . at I t -mm pt n rig t e ’ ; ;u mtn ;ma i I ;c 1 l , n r  ~ c’ hticly c ’f  n - i - i - it ci n t - i )

P t  c c i i  e m  (1) i ;  u su a l  l y  n _ c e )  n_ - t e l a n ;  pa i  I c ’ f

( I  ) l e s t  .1 ‘1~ V, ’ l t  iio h ’ of C , f ( r i d s in ot  I .‘;.t p_i t i t v _  t i er s

I c c  a 1 1 e’t  it t’ i ~~‘ a h ’: ;  ace’.’ v _ n  i I ’ i t ’  f i~sm n

o u t ’ n u n ,  g u t t hi n’ik ( 1  1 coo i d  l e t ’ !ic 1 vet )  ;; ‘ - i l - i l.! I count  l v  I c o t  ci I b e r n

‘lii i I 1; ; 1 iii’ I e ’i St ’l)ii ’ I l it t’i e;~t i i ;  : - b ’ e ’ e ’ i I  c i  .1,-:-t’ ; ~ef

c i !  ~5 1 c i n ’ ;  (ilae1ic’ ~’k , i~~ / 7 , 1~ 7 ; )  , ( ‘ n i t  i ’ t  e ’ I ’ o I ’ ) y i i c ’t I c ’i

e1.’nC’ i .-i I c t n . i i ’ l i n ;

r ; .~ n_•~~ i c i  t i c ’t ’ c i . i i c t c ’ i  I h u l l S  l i e ’ elV.1 I l i h e i t ’ t e e i  ( 1~~ 1 , tI n’ i’e’:t

k m i ~’s’it i ’ c ’i  r i g  t i n e ’ O ( m i ’ ) t d 1 ’ t 1~~~~c h i l l t ’  of  f i n  r k ’ ;t n - i (1 ‘~~ ‘ . ‘~~~-i . ) n ’ . -  1

r i  nip I c  ti; ;t ’ c ’I p i  I or i t  ‘‘ d i i r ’u t’ ;; , 1 I c ’ l t i  ii c ’ h~ ’ m y ’  I .ur ; ’ ; n t  i’ d i i i

~ ~~~ ~ ( — i  1 c c ci i i )  t i  ‘.1c.’ Ii’ i , 1 ‘t I ;‘ 1 • -t m ’. a dvan  I .1cm’ ~‘i nat 1 1 i c i  . ‘nu t  -

ly r ;p-n at ’ e u .-tphi ;c . fly -i mend ’ cc cliii~ ) i c ’ t t  e ’ cI  c_ t n - i ’ ~ f pi ic c - i  i t  y

d Iki . ’n l e ’; ~i e ) i I t i n 1 o I n  (1 ‘~ ‘ 11 Sh t e ’ie’n ; I h i t f e e l t ’ d c ’ i n  I i \ c ’ci  i ’ c ’; t I t i e ’

t l i t  P e n ’ m K t h e - i t ’  i n ;  an ’ .  i mp  i c - v _ t e n - i t  i t n on t l u — i t i - O l i n ;  i r i  t i m i S ’

~ (in in ( m u  ~
‘ a , a I t S )  r ’ . )  ) . ~“ hi . ’ ; i  i i 1 .ii o I e l i c i t  hiv _ i t . ’

~‘c ’n ;~ t i ’ ’ t ’ i f l t i ’ e i e ’ n  ; ; t he’ , t l c . r e ’ i n  I i t i n u t ’I l’ l c i t r i ’ l  t i “ . 7 ( c )  a c ’ i n _ ’ e n ;  iI ~~
)

in  I i t -i -i.’ ;i (nt.ix (ri • a , t i  I ) c _ s u e  ‘ i i ’ el i n ;  I ht ’  ni,ix i n ’ .unnni of  t im’

l i ’~~e i t  h i s  of  ; ; h n ~c i t  e ’ ’ , t  pa t i n ’  I i  , ‘ii n ti t e e c ,t  h i e ’i nc i t i t ’r .
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Apply ing Dijk stro ’s. procedure nt times yields aim 0(n 3)

solution of

(l~~~) For each p a ir (;; , t) of mtodes of G , find c’, short-

e-s t  path from;. s to t.

The e 1 eve r but  contp l I cot eel O I ’ . i c i O i t ’h i  of’ l” t t ’dn ui~ m (1 9 7 6 )  showt ;

tha I wi th 0(n log I og t /  i t e g  n -i) preprocess irry i i i  0 (n I

solutio n , of (1~~~) it ; av a i l ab l e .  ‘r ite p r ep rocess ing  cons i s ts .

of comn up i 1 i rig a t a b l e ’ th. ,t  i t ;  t lien used fo r  all I n n tt t n c e s  of a

g iven s ize  n .

The most- elt yam it solution of (1~~~) is the 0(,~~) alyo—

r i t i t m n t  Of Fl oyd (1962) . l’~xtend the definition of a rc—length

by ; ;t t t intg a (i ,j) ~~‘ when (i ,j) is not an at-c , and then

proceed as follows:

for k ‘ 1 until ii do

for i ‘ 1 un tti l mu do

for i 1 u n t i l  n do

cc ( i , j )  n v _ in  ( i ( i , j )  , ; ‘ . ( i , k )  -4 a ( k ,j )  I

end .

Wh en ’. t h i s  c o m p u tat i o n  t e ’rntinclt es , ci (I, i) is the length of

a sh or tes t,  c i r c u i t  th roug h node i , and when i t j  ci (i j )

is the length ci a shortest, path front i to ‘j. From this

i n f or m n a t  ion - ’. it. is e’ .i:;y to f i n d t he  paths  th ’.en i se lve’n ; .

In’. contra st to the sh or test— p a th a lgorit h m s mentioned

ea r l ier , Floyd ’s al gori thm does nuot require nonneg ative arc

lengths. It applies to an arbitrary directed network in

which no circuit is of negative length. A related algorithnn ’.

of Yuval (19/6), using the fast multi plication of matrices 

~~~~~~~~~~~~~~~~~ ~~~~~—‘ - 
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due to Strcmssen (1969) and based on’. an extension of tite RAM

mode’l that permits inifinite—precisiom ’ . re’al ariti m miit’ tic , solves

(1*4) in time 0((’.2.8l). Klee and Larnian (1978) extend

Floyd’ s method  to find shortest paths an;or’.g those satisfying

various sorts of restrictionis. For networks in - i which  t ie

c i r c u i t ,  is of neqoti ye length , Joitnson (1977) elfld L c i w l e ’r

(1978) sh ow how to tcikt’ advaritctçjt’ of S [)eirs ( ’nte’SS i n  the

d i rec ted  ( , i O O  , am id 1 aw l e m ’ (1976) ; ;h ’.ows how t o  use mat c i t i ng

aiq or i  t h r u m - ;  t o  fluid shortest pa L h s  Am ’ . the undirected ease ’ .

Se’t’ Sec t. io n  6 for  a so l u t i o n  of ( I  **) whose average—case

complex i ty  is O ( r m 2 log 2 n ) ,  and see Section 7 for lower

bounds on the coniplexity of shortest—path algorithms .

C. S pan n i ng  Trees and Opt inu i iza t  ion

in Independem’.ce Sy;; t O lin ;;

Let us t u r n  now to t he  nt in imun - i i  s pa nn i i ng  t ree  p r o b l e m - i  ( 2 )

For a connected undirected g r a p h G (N ,A) and nonnegative

a r c— l e n g t h  f u n c t i o n  cc , we ~t ’e ’k tu spann ing t ree of min i n n i n u u m

wei g h t .  Ca l l  a subset  of A in d c~~~ndcn t  i f  i t  cont a . i mt s no

circuit. And f o r  x X A , say t hc it  x i s  a first nicntbct’

of X if a (x) s c~(x’) for all x ’ X. Kruskal (1956)

showed a n,inimum spann’.imtg tree T cam’. be constructed as

follows , where U is ti-ic set of otnexplored arcs.

-. ,i~~’T ~ LF4 ~ ‘T~ 1~ ~_
~~~~ - - 

~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~
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T + 0; U i- A ;

while U x 0 do beg in

u ~ a first member of U;

U -.

if Tu{u} is independent then T + Tu{u}

end ;

print T

end.

Kru skal ’s algorithm can be implemented in time

O(a log n). A later algorithm of Prim (1957) and Dijkstra

(1959) solves (2) in time 0(n2) or, as implemented by

Kerschenbaum and Van Slyke (1972), in time 0(a log n). For

sparse graphs the best algorithms are those of Yao (1975)

and Cheriton and Tarjan (1976), which are 0(a log log n).

On the other hand , for each positive integer k there are

algori thms of Johnson ( 1975) and Cheriton and Tarjan (1976)

which , when applied to graphs having a � ~~J 
+ 1/k for some

fixed c > 0, solve (2) in time 0(a).

Actually, Kru ska l ’ s procedure finds minimum spann ing

trees without any restriction on the sign of ct, so the same

procedure can be used to find maximum spanning trees; simply

redefine first member to mean of maximum ct-value. The name

of greedy algorithm, proposed by Edmonds (1971), is then

especi a l ly  appropr iate , for one attempts at each stage to

swallow (add to T) the largest member u of U, r e f r a in ing

only if u is immediately unpalatable . No attention is paid

to the possibility that this greedy choice , however tempting 

~~~~~~~~~~~ Z ’ _
~~~~~~~~
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at the momertt , may in the long run cause i nd igestion! And ,

in fact , the greedy algorithm not only solves (2) but works

in the more general matroid setting described below .

The theory of matroids , whtich can be axiomuiatized in many

equivalent w a ys , was invented by Whitney (1933) as a gener-

alization of the theory of linear independence . Let us

define an ~j~le enmdence s~~~~ rn ,is a finite f a m i l y  I of

f i n i t e  t;o’tS , called independent sets , such that every subset

of an ir ’.depcndcntt  set is independen t .  ( i n  the example above ,

a set of arcs is independent if it contains no circuit.) A

mat ro id  is an independence system I such that  for  each

subset S of Ui , al l  indcpei ’.dem ’.t subsets of S are of the

same cardinauity. An equivalent condition is that whenever

I and J are independent  sets w i t h  I I I  < ~~~~~ there

exists j £ J such that 10(j) is independent. A base of

a matroid I is a maximal  member of I .  ( I n  the example ,

the bases are the spann ing  trees of G . )  Lawler ( 1 9 7 6 )  l i s t s

several books and other references on mnatroid theory, the

latest book being that of Welsh’. (1976). Bruno and Weinberg

( 1976ct , b) present matroid th eory as the proper foundat ion’.

for the s tudy of electr ical  networks , an importam’.t advantage

being that the well-developed duality theory of matroids can

replace the purely graph-theoretic duality notions which arc

satisfactory emily for planar graphs .

If I is a ma tro id , < is a linear ordering of UI ,

and “first” is interpreted in tern-is of -
~~, then with A re-

placed by UI the above algorithm produces a base T of ~

that is optimal in the following strong sense: for any othter

base T’ of ~ there is a bijection etc : T -
~ T’ with

I ’
.

_________ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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t ~ (t I f o t  a l l  t c ‘I’. ThIs was est abl i shed by Rado

(1 957) • re el i z;cOvt u c d  i ntdepen’.do’riti y by Gale (1968) , Wel sin

(1968) and i ’dn ~;ot ’.ds ( 1 9 7 1 ) ,  and ex t t ’m id e d  to i n f i n i te  n i a t r o i d s

by Kl c e  ( 1 9 7 1 )  . In .‘.ddi t ion to the spanni niej tree probi cnn ,

Lawler (1976) describes a “seminiatehing ” probl ems , ~i job—

scqucr ’.c i not probi  en; , ciliol ctll exper i mm n cn tt a 1 des i gnu p r o b l e m u  t hat

have unt de n y  in g  v _ na t  ro i d s t r u c t u r e s  amid hence ea r n  be so] ved

eff i ci emit 1 y by t he greedy algori t h i m .  Of course’, the corn—

plexity of an i m p l e m u n e m m t a t , i o n  depen ’.ds on th ’.e di  f t  i c u l t  y of

recogn i z  im ig  members of I.

Each ’. independence system I can he’ expressed in vai’ioom s

ways as the in t e r sec t ion  of a f i n i  to’ number at  m a t  r o i d~~.

Many i mpor ta n t problems of c o m b i nat o r i a l  opt in n i : ~at ion ’. can be

cast in the following form : For art im’.depem’.dence systermm I

tha t  is the  im it e r s e c t i o m i  of mat r o i d s  i~ , - . . , of sp e c i f ie d

sorts , and for  a nomim ’.eg a t  lye Iunct ion a Omi Iii , f i n d  a

meniber of I t ha t  is  of maximum s a— wc ’ i q h t — — t h ~-tt is , m o x i m n m i  ~e

cc (i) ove”r all I I. L awi er  (1976 , Chap. SI observes

t h a t  the t i -avol  ing sa l e sman  problem ( 5 )  amid t he  3 — d i n i e m u s i e m i a l

assignnien’.t problem (4’ ‘ ‘ ) can he formulated in - i this way for

k 3 , so good e x a c t  cii  gor i t hms should riot h~’ expected f o r

gen ’.eral th i r e e— m at r o i d  opt i nu i~~ n t i o i i  problems . Ilowe v e’r , fo r

k = 2 Lawler (1975 , 1976) has bo th  a “primal” algorithm

analogous to a procedure for  f i i t d i m ; o u  m in imum cost n e t w o r k

f lows  and a “ p r i m a l - d u a l”  a l q o r - i t i i m n t  analogous to  a procedure

for finding maximum matchings . The directed analogue of the

minimum spanh’.inq tree problem (~‘) cart be handled in this way,

-. ~~~~~~~~~~~~~~~ 
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but is solved more e f f i c i e n t l y  by the special  methods of

Chu and L . i o m (1965)  and Edinonds ( 19 6 7 ) .  See also Lawler

(1976) and his referem’.ces, and Tarjan (1977)

When 1, k and ci are as in the preceding paragraph ,

and “first ” means of maximum ct-value , the greedy procedure

described e a r l i e r  can be used as a h e u r i s t i c  for  f i n d i n g

i ndependent  set s  of l a r g e  w e igh t .  R e s u lt s  of J emtky ns  (1976 )

and Korte  amid H a us m an n  (1978) show t h a t  if l
~ 

is a member

of I of maximum cc— wei ght  and I~ is the output of the

greedy h e u r i s t i c  as applied to I and a , then

c c ( i )
______ -. mn~ 

er(S) 1

iEI cc ( i )  - - “.S °‘ U~ ur (S) 
- k

where ir(S) (resp. ur(s)) i~ the minimunt <resp. maximum>

of the cardinalities of the independent subsets of S. lloth

inequalities are sharp in cer ta in  senseb. Sec Korte  ( 1978)

for  a f u l l e r  descr ip t ion’.  of “ greedy ” h e u r ist i c s , the i r  uses

and limitations , and for additional references.

6. THREE RECENT ADVANCES

As is clear from the recen t da tes of many of the cited

references , the f ie ld  of combina to r i a l  op t imiza t ion’.  is in a

very active stage of development. Th’.rec of tue most ex-

citing recen’.t advances have been’. the Dinic~ Karzanov maximum 
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flow algorithm , Minty ’s good al gorithm for finding maximum

independent sets in a large class of graphs , and a collec-

tion of algorithms whose average-case behavior is

remarkably  good.

A. The Dinic-Karzanov

Maximum F-low Algor i thm

The papers of Dinic (1970) and Karzariov (1974) were men-

tioned earlier. Like other maximum flow algorithms , the

Dinic-Karzanov algorithm starts with a feasible flow 4,

uses ~ and the under ly ing  network to produce an auxiliary

network , and by a cominputation in the latter attempts to find

an improvement ~~~
‘ of 4. If an improvcmen’.t 4’ is found ,

the computat ion is repeated w i t h  4’ in the role of ~~ ,

and when no improvement is found then ~ is optimal. How-

ever , in the new algorithm the improvements are not made by

flow-augmenting paths hut in a more global manner that leads

to an 0( n 3) algorithm. The announcement of Karzanov (1974)

outlines the method but does not ir’.clude details of proof.

Details can be found in the book of Adelson—Velsky ct al.

(1975) (in Russian) and in the exposition of Even (1976)

The algorithm has been improved to 0(n~~ a
”
~) by Z. Galil. 

- -  
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B. Minity ’s Al gorithm

for Maximum Independent Sets

The max imum indepenelemit set problem (4’’) is

~P-comp1cte , even wh en restricted Ic-i 3-vctlent planar graphs

(G c i r e y ,  Johnson and Stockmeyer , 1976) • but  one may hope for

good algori thmn s that solve the problemu for special classes of

graphs . For referem’.ces to such’. algorithms , cintd to other re-

strictions under which the problem i-emains NP-complete , see

Garey and .Johnsont (1978?) . In the bip artite case , (4’ ‘1 is

well—solved by matchim’.g (Lawler , 1976 , pp. 189—196). By far

the most successful attack on the non’.bipcirtitc case is due to

Minty (1978~ ), who shows t h a t  m a t c h i n g  t ochn ique’s arc also

appl icable  to all graph-is that arc claw-free. A claw is a

quadruple of nodes (v,w,x ,y) such’. thiat each node in n the set

S = (w ,x ,y} i s  adj acem ’.t to v but no two members of S

are adjacent .

To appreciate how close Misty ’s result conies to t ite

boundary of NP--completeness , consider the restricted form of

the 3-dimensional assignment problem mentioned at the end of

Section 4. Let G be the’ graph’. whose nodes ~mre thie ordered

t r i p l e s  (i , j , k )  of i n t e ger s  b etween 1 and n f o r  w h i c h

ct
u j k  

= 1, two nodes being adjacent if they  agree in’. at least

one coordinate. Then’. G may have claws but it is free of

q u i n t u p l e s  (v , w , x ,y , z)  sucit t ha t  cachi node in the set

S = (w ,x ,y,z) is adjacent to v hut ito two members of S

_ _ _ _ _ _ _ _ _ _ _  -~~~~~~ 
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are adjacent . The problem of deciding, for each such G,

whether C contains ami i ndependent  set of cz ir d i na u i t y  n’. ,

is NP-complete .

Minty al so  considers the wei g h i t e c l  vers ion ’.  of ( 4 ’ ’ ) ,  in

which a node-weightin’.g cc is giver ’.  and onto so’~ ks an inde-

pendent  set of mna xin num w e i g h t .  He shows tha t  for  c l a w- f ree

gra phis this problem is reducible to the w ei ghted mina t chn i nn q

problem and hence solvable in pol ynomia l  t i m e .

C. Some Algorithms

with Good Average-Case Behavior

From the worst-case v iewpoin t , some well—solved problems

of combinator ia l  o p t i m i z a t i o r .  have been so i n t e n s i v e l y

studied that further signi ficant irnproveniem ’.t  i :i sal ut ion

methods seems u n t l i k e l y ;  also , most researchers doubt the

exis tence  of good a lgo r i t hms  fox - the NP -complete  problems.

However , neither of those conunemits applies to th ’.e average-

case viewpoint. This  fact , along with’. the bel ief  t hat

average-case behavior is more important than worst-case be-

havior in many applications , has motivated the search for

al gor i thms  of good average-case behavior .

Spira (1973) and Karp (1978) consider a complete directed

m’.etwork ( ( N , A ) , cc) whose arc lemn qths a(i ,j) are all

drawn independentl y from the same probability distribution in

]o,~~ [. Spira proposes an algorithm for the a l l - p a i r s  short-

est path’. problem (l**) and shows that for any distribution

the expected running time is O(n2 log2n). Fredman (1976)

~~~ 
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shows how to reduce the expected nunnber of comparisons (but

not the overall comp lexity) to 0(n2 log n). Carson and Law

(1977) report on-i computations comparing Spira ’s method for

various distributions with an improverien’.t of the niethc n d of

D i j k s t r a  (1959)  due to Yen (1q72).

K a r p  ( 19 7 8 )  proposes an 0 (n 3 ) approximate  a l g o r i t h m  for

the traveling salesman problem (5). His algorithm first

solves the n\n assi gnment  problem for  the m a t r i x  ( a ( i , j ) )

and then ’.  pa tch ies  together the cycles of the r e su l t i ng  perniu—

ta t io m i  to form a t o u r .  He shows th ’.at i f  t h e  cx (I , j )  are drawn ’.

i ndependent ly  from the  u n i f o r m  d i s t r i bu t ion’ .  on ]0 , l [  then ,

with probability tending to 1 as n -
~ ‘~~, the ratio of the

length of the tour produced by t h e  a l go r i t hm to tha t  of an

opt imum tour is < 1 + c ( n )  , w b n e’re ’ r C s )  -
~ 0 as n -

~

A tool in ’. h is  proof is a resul t  of W alkup ( 1 9 7 7)  on the

expected value of a random assi gr ’.ment problem.  S init i l a r

patching schiemes appear in algorithms proposed by Karp (1977)

for the t r ave l in g sa le sman problem in ’. the  Euc l idean  p lane .

In th ’.e r e s u l t s  of Spira ant d K a r p  s tated above , the under-

lying graph is always complete; only ti’.e arc l e n g t h s  vary  at

random. For other results or’. the  average-case behavior of

al gorithms , a notion of a random undirected graph that has

node-set N = {l,. - .n) and has a specified density p (or

has a spccified number E of arcs) is required. Let U
i’.

denote the set of all n(n-l)/2 unordered p a i r s  of d i s t i n c t

integers between 1 and n , each pair representing a

possible arc of a gr ap h-i with node—set N. In the “p” model ,

a sample gra ph is formed by inclu di ng e’acit member of

wi th  probability p, independent of what othter arcs are
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chosen. In the “ F:” mode I • t h e  samp le’ space c o n s i s t s  of a l l

A U for wh ich IA ! E, all such’. arc—sets A being

drawnt with egual prohahi lit I es. When E pm ( r i — i )  /2  , the

two models tire closely related (Erdös and Re~n ’ .yi , l 9h l ) ;

A n q l u i n  and \‘a l i a n t  ( 1 9 7 7 )  sh i , ~w t hat  i f  in a certain sense

an ~-t1qorith rii works for one model t h en it works for the other

one also.

A matching is perfect if it covers  a l l  nodes.  Erdös amid

Rém’.yi (l9uu ) sh’.ow that if K (s) i-n ’. log nn + ~I ( n ) n ’ .  and i f

PM (n) is t h e  p r o b a b i l i t y  t h a t  a random graph ’ .  w i t h  n nodes

and F: Cs) arcs admits a p er fec t  m a t c h in g ,  then as (even ’.)

n -
~ -‘- , PM(n) • 1 if ~‘(n) . U s i n g  a model of computa-

tion similar to but more f l ex i b l e  t han  the  RAM mode l , A n q l u i n m

and V a l i a r ’ .t ( 1 9 7 7 )  show there  e x i s t s  cii’. a l g o r i t h m  t hat  has

the f o l l o w i n g  p m ’ope r t  ic s :

( a )  accept ing as i n p u t  an ’. u n d i r e c t e d  qr a p h C w i t h ’ .  n

nodes , i t  o u t p u t s  a perfect mna t ch ’ . ing  or concludes c o r r e c t l y

t h a t  C does ntot admit one ;

(h) there exist posit ive cons t an t s  c and k such t h a t

for each’. n amid for each’. F: ~
- cmi log n , the expected run ’.-

t ime is  less th ia ni  ‘.~n log n f o r  random grap hs wi th  ii

n’.odes and E arcs.

P6sa (1976) shows that if E(n’.) = ~n log n with ’. ~ 1 ,

and if T(m’.) is the probability that a random grap h wi th

n nodes am’.d E (n) arcs a d rn i t s  a tour , then T(m’.) -
~ 1 as

n -. 
~~~. Karp (1976) uses Posa ’s arqument as the basis of a

p o l y n o m ia l  t i m e  a l g o r i t h m  for  f i n d i n g  tours  a lmost  s u r e l y .

—~~ —~~~---~-—~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — -  ~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Considerin-icj spanning s imp le pa ths  as we l l  as tours , An’.glu in i

and Valian’.t (1977) describe an alrorithm t h a t  has the

following properties:

(a)  accep t ing  as input  an undi rec ted  graph  G wi th  n

nodes , and a pair of nodes s, t with 1 � S t ~ n , it

attempts to find a simple path from s to t that uses all

nodes (a tour when s t);

(b)  fo r each ~ > 0 there e x i s t  pos i t ive  cons tants  c and

k suchi tha t  for  each xi , fo r  each E � cn log xi , and for

each pair s, t, the probability is at least 1 — 0(n 1)

( fo r  random graphs wi th  n nodes and E arcs) that  the

desired path i~ found in fewer than km log n steps.

Essen t i a l ly  the same resul ts  are obtained by luig luin and

Valiant (1977) for the problem of f i~’.ding a tour or a span-

ning simple path in a directed graph . Their complexity

es t imates  are based 0mm a model of computat ion in which

randomized decisions are possible , but are worsened only by

an a d d i t i o n a l  fac tor  of log n when that  poss ibi l i ty  is re-

moved from the model.

See Karp (1976) for the results of probabilistic analyses

of other combina tor ia l  search a lgor i thms , i nc lud ing  use of

the greedy algorithm to find large independent sets of nodes.

And see Evans  (1976)  for  a t reatment  of maximum flow problems

in p robabi l i s t i c  grap hs .  Al so , see the last  two paragraphs

of Section 7.
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7. TIIREF ;  91 hu:CT IONS 1-’OR R1 -:SI-:A RCII

Si nec t:he f i e l d  of conib i n a to r  i a 1 opt infl i Zat; ion ix;

d e v e l o p in g  so rap i d l y ,  i t  provides many di  r ec t i on i s  f o r  re—

sea i c i i  am i d  mu any spec i i i  c prob i  em it s t h a t  bog for solution .

Ra t it e ’ r t i ta n ’ .  di scu :;s i ng i nd iv i du ,t  1 p rob le ms , we foc us on t lie

th i r ce  di tcc F I oil : ;  o f  m-csca reit that seem respective I y to  be

muos I. ptom i si nq f o1

(a )  e lu c i  d a t  i o~t of t htc fummd.imer’.tal. t hicoret i cal i sues

(b)  u n t i l  j e t t i e s  of t it ’ c x l  st  i n ig  t heory ;

(c ) product .i on of use liii  or i n t e r e s t i n g  ~i i qc ’r i t  linus

A . Fi iid I sq l,owi ‘r flouzmds

Th e’ qo.ml he’t~ i ;; simp i y s L i t  ed : 1-’i nil sharp I o w en  hioun ’.el;;

for t in t ’ (-ompu tat i an na  I com~-i I ox i y of t i n e  i nup or ta n - it - pi-ob I on m ms

of comh i i i i  t on  i a .I opt . i mi z at -  iont  , plc fe ’ rab  1 y w i t h - i  re spect  to

the RAM on :0115’ ci  051’ 1 y n c l  i t  ed model of random acce

connput at ion. When a probi em de5i 1 wit h no I w o r k s  ( ( N , A)  , ci

we say t lie pi-obi cnn i of  coi ;~ I ox i t  v ~i Li Cm ’ ., a)) i t  t li e  n o  i s

a cons t an t  c ~ 0 such’. t- hat  ( ‘v e ry  .t 1 on it him for solving the

problem requires .iL least ci (n,a) steps for worst—ctso

i ntp i t t  w i t h  pcc ra imte t e ’ t-~ it cirtel a. Tb i lower boumid i s sha

i f the problems cait be sol VOl1 by alt .‘. I qor  i t - hi nt - i of consp i e x i t  y

0 ( (n , a)) , so th~i I t he worst - c.m behavior of time problem i

d e t e r m i n e d  to W i ti i ni a ntul t i p h i c a t  i ye ’ c o n s tan t .

— -  
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At least with respect to the RAM model , this directio n-i of

research appears to be very difficult. In particular , it

involves deciding whether P - NP. Nevcrthieless , it is

descr ibed as “p m o m i s i n q ” because it deals with such-i i mportant

questions. Until sharp lowe’r hounds are four-id for a variety

of problenis of combinatorial opt imizationt , there will be no

clear uni derstantd imm g of wh y some problems are easy arid othiers

su p e r f i c i a l l y  r e sembl ing  th i c ’m are very hard. An uppe r bound

on the intrinsic complexity of a problem can’. be established

by designing amid an ’ .a 1y~~ing am ’. a l g o r i t h m  for  i t s  s o l u t i o n . If

the design involves some ingenuity and the analysis is done

with’. care , the result- is likely to be intorestin’.g and perhaps

even useful. At t h e  very least , it is likely to be “non-

trivial” in an intuitive sense. Nontrivial lower bounds are

much h a id e r  to come b y ,  because  they require’ consideration of

all coitce i ydi lt ’ a lqe t - ; thmns and thus demand a much’. clearer

undcrstan 1 m g  of the’ underl y in’.q l o q i c a l  issues , in f a c t , as

Weide (1977) ‘ . t - : : t . m i K . s , t i v i a l  losci ~~ u;;.t - a l e  o f ten  the onl y

ones available. Co;i:- 1. - r , t o  exam~’l e , t he prohi ens of find-

ing ~i l o u s i e s t  ;; mmp h’ path I t  ~~e~~- ; i  tw o  ~ iven ’ . miod e’.; of  .i

complet e  u t i d  i t ’. t o d  re t i~
-
~~~ t ~. ~~~~ t h  rt niode - : . l’he ~‘n o t h  em is

NP—h 1n rd and hentct’ pm olsit 1 y does not adm I t a gOod i i  10 n i t  hits

0 1000
——not even-i one of cI nip l o x I  t y  0(n’ ~~ ) . However , thie

best kn’.owi’. lowe t bound (with respect to the RAM model )  is

the trivial one of ~1(n
2), obtained by noting that nomie of

the n (n-1)/2 arc lengths can be i gnon id by any al gorit}tm

that solves the problem for all sets of input data.

-

.

~

- - - -
~~~~ 

-- ~~ ~~~~~~~~~~~~~~~~~~~~ 

- -  

-—
~~

-:
~~~~~~~~~~

-
~~~~~

-
~~~~~~~~



41

Weide (1977) discusses a few methods that have been used

to establ ish lower bounds , with respect to various models of

computation , on the complexity of combinatorial problems.

The in terested reader should consul t Kerr (1970) , Spira and

Pan (1975), and Yao et al. (1977) concerning shortest paths ,

Spira and Pan (1975) and Shamo s and Hoey (1975 ) concerning

minimum spanning trees, Harper and Savage (1972) concerning

maximum matching , Harper and Savage (1972) and Rabin (1972)

concern ing shortest tours , Holt and Reingold (1972) concern-

ing the detection of circuits or connectedness , and Rivest

and Vu illemin (1975) concerning the detection of an ar titrary

nontrivial monotone graph proper ty (a property possessed by

some but not all graphs and preserved by addition of arcs).

The most promi sing method seems to me to be the one of Rabin

(1972) ,  which is used also by Spira and Pan (1974 ) and Yao

et al. (1977). (The application to shortest paths by Yao

et al. (1977) is apparently invalid because it depends on an

incorrect counting argument , but the paper is still of inter-

est .) Some other papers related to Rabin ’s method are those

of Spira (1972) , Klee (1975) and Yao (1976)

B. Optimization in Oriented Matroids

The theory of matroids is a combinatorial generalization

of the theory of l inear dependence in a vector space over a

f ie ld , and of the theory of linear equalities. Similarly,

the theory of oriented matroids may be viewed as a combina-

torial generalization of the theory of positive linear

-‘- --— 5— -- - - -  -— - -- -——- -
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dependence in-i a vector space over an’. ordered field , and of

the theory of i n ic qu a l i t i e s .  The not ion - i  of an orien ’.ted ma—

troid developed from the digraphoids of Minty (1966) through

the gencralizationts of Camion ’.  ( 1 9 6 8)  , Fulkerson (1968) and

Rockafellar (1969), to the present axiomatic versions of

Bland (1974) , las Vergnas (1975) and Lawrence (1975). A good

basic reference is Bland and Las Vergnias (1978).

R e a l i z i n g  a p o s s i b i l i t y  f i r s t  suggested by Rockafel l .a r

(1969), Bland (1974 , 1976) and Lawrence (1975) show the basic

parts of linear programming th-ieory can be extended to

oriented matroids. Both have oriented r’.atroid formulations

of linear programming duality , and Bland (1976 , 1977) also

has a finite pivoting method which specializes , in the con—

text of linear programming, to Dantzig ’s simplex method with

a new pivot selection rule. The s tudy of optimization in the

f ramework of or iented ma t ro idr  seems to offer the best chance

for the unification of large parts of l inear  and combiniato-

rial optimization . This is related to the approach’. of Law]er

(1976, Chap. 9) through matroids with parity conditions , and

it is important to clarify the relationshi ps between the two

approaches.

C. Development of Al gor ithms

A striking aspect of combinatorial mathematics , and of

combinatorial optimization in particular , is its endless

supply of interesting problems. To become convinced that th’.e

des ign and analysis of algorithms for combinatorial optimiza-

k

-

- ~~~~ ~~~~~~~ - - •
~~~~~~~~~~~~~~~~~

—-
~~~

- -



-‘ ~~~~~~~~~~~~~~

r
4 3

tion wil l  con tinue for a long t ime , one need only glance at a

few volume~ of linnals of Discrete Mathematics , Information

S Process~~~ Letters , Journal of the Association for Computing

Machinery, Mathematical Programnting, Mathematical Programming

Studies, Networks , Operations Research , Proceedings of ACM

~yjn~
osia on the Theory of Computing, Proceedings of IEEE

on the Foundat ions of Computer Science, or the SIAM

Journal on Comput ing . Below are described some directions of

algorithm development that seem at present to be especially

promising.

Exploring the boundary of NP-completeness

By following the advice itt the excellent chapter of Garey

and Johnson (1978?)  on using ~~-completeness to analyze

problems , designers of algorithms can help to “explore the

boundary ” of NPC , the class of all Ne-complete problems. The

general idea is that , having established the membershi p of a

problem in one of the classes ~ and ~~~~~~ one should not

rest before finding a closely related problem in the other

class. For each of the problems (1) - (4), Garey and

Johnson (1978?) describe several relatives in NPC , and for

(5) there are relatives in P. The reader has met some of

these relatives earlier , and a few more are described below .

The Chinese postman is a relative of the traveling sales-

man. In serving his route he must traverse each street at

least once , one-way streets only in the proper direction , and

¼

I

~~~~~~~~~~~~~ ‘ — 5 -—--. 
‘

.J ~~~~~~~~~~~~~~~~~~~~~~~~~~~iT ~ --



r
44

return to his starting point. And of course he wants to

minimize the distance traveled . The postman ’s problem is in

P if all streets are directed or all are undirected (Edmonds

and Johnson , 1973), but the mixod case is ~~—comp1ete

(Papadimitriou , 1976).

When G (N,A) and H = (V,E) are undirected graphs,

a perfect H-packi~~~ of G is a p a r t i t i o n  of N into pair-

wise disjoint subsets each of which is of cardinality jv t

and induces in G a sub grap h i somorphic to H. For fixed

H, the problem of deciding whether C admits a perfect

H-packing belongs to P if (VI s 2 (use matching) hut is

NP-complete whenever (VI � 3 (Kirkpatrick and Hell , 1978).

Let NPI = NP — (PiNPC) , the class of all problems in

NP that are of ‘ intermediate ” difficulty in the sense that ,

even though they can ’t be solved by polynomially bounded

algorithms , they ’re at least not so difficult as to be

~~-complete. Under the assumption that ~ ~ ~~~~, Ladner

(1975) proves NPI is nonempty but no one has produced a

member of NPI that is of practical importance or intrinsic

interest aside from its membership in NPT. As noted by

Garey and Johnson (1978?) , linear programming is a prime

candidate. A class of problems that seems well suited to

exploring the boundary of NPC , and perhaps of NPI , is

obtained as follows. Let F’ be the set of all functions

f -
~ Z’

~ such’. that f(k) k for all k e Z~~, the set

of all nonnegative integers. For each f c F an in’.stance of

the problem Qf &esp. Rf) is associated with a graph

- -
--
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C = (N ,A), a pair (x,y) of distinct members of N , and a

sequence S of f(n-2) distinct member of N—(x ,y)- . The

problem Qf <resp. Rf~ 
asks whether there is a simple path

from x to y that uses all the members of S in some

~resp. in’. the specified) order , other intermediate nodes

being permitted as well. Note that Qf belongs to NPC

when f(k) E k, while Rf 
belongs to ~ whenever k - f(k)

is bounded. When’. f E 0, both problems belong to ~~ . Whe n

f E 1 and G is untdirected , both problems belong to P.

(Add a new node t, new arcs {t ,x} and (t,y}. Let all

arcs have capacity 1. Solve as a maximum flow problem with

sink t and source s, where S {s}.) What happens for

other choices of f?

Approximate algorithms

We saw in-i the result of Sahni and Gonzalez (1976) that

unless ~ = ~~~~, the general undirected traveling salesman

problem (5) does not admit a polyn’.omially bounded algorithm

that is c-approximate , no matter how large c is chosen .

On the other han d , when C’s arc lengths s~itisfy the

triangle inequality , the 0( n 3) method of Christofides

(1976) is ~~‘- approximate and it may even turn out that for

each ~ > 0 this special case of (5) admits a polynomially

bounded c-approximate al gorithm . In short , though’. the

NP-complete problems arc computationall y equivalent so far

as solvabil it y by pol ynomia l ly  bounded exa ct a lgor ithms is

¼~
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concerned , this does not apply to approximate algorithms.

Much is known abou t approx ima te a lgorithms but mud ’. more re-

mains to be discovered. Good sources of information are the

annotated bibliography of Carey and Johnson’. (1976), the

survey article of Korte (1978), and the book of Garey and

Johnson (1978?)

Average—case and probabilistic analysis

of algorithms

In Part C of Section 6, three sorts of algorithms are

lumped together as “algorithms with good average-case

behavior.” Some are precisely that , while others are with

high probability c (n)-approximate, where c (rt ) -s 0 as

n -
~ ~ ‘. A period of considerable  a c t i v i t y  in the average-

case and probabi l is t ic  a n a l y s i s  of al gor i thms  for  comubinator-

ial optimization is now under way . A basic paper is Karp

( 1 9 7 6 ) ,  and Weide ( 1 9 7 7 )  also has a brief introduction to

the subject.

The papers on random graphs by Erdös and Rc~n y i  do not

treat algorithms explicitly, but they contain many facts

that  are essent ia l  for  the desi gner of algor i thms in  th i s

area; several of these papers are collected in Erdös (1973).

In addition to these and the papers mentioned in Part C of

Section 6, the interested reader sl’.ould consult Grimmett and

McDiar imid  ( 1 9 7 5 ) ,  Walkup (l977b) , Lueker (1978), Karp (1978?)

Cohen et al. (1978?) , and Klee and Larman’. (1978?a ,b )

-
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8. WHAT ARE TilE BEST SOURCES

OF FURTHER INFORMATION?

As is clear from our frequent reference to them , the two

indispensable books for the study of combinatorial optimiza-

tion are those of Lawler (1976) for problems in ~ and of

Garey and Johnson (1978?) for problems in ~~~~~~~ Bu t even

they cannot cover everything in detail , and many of the

references cited by them or in our u s c  of references are

also necessary for a thorough understanding of the field.

We close by mentioning two very active areas of combina-’

ton al opt imizat ion whose omission here causes regret.

Though both are very important  for the solut ion of practical

problems, they have been omitted because of space considera-

tions and because of our decision to base the entire

exposition on problems (1) — (5). For access to the tremen-

dous volume of material on Scheduling (several books,

hundreds of research pape rs), a good starting point is the

special issue of Operations Research devoted to the subject.

It is listed here under Florian (1978).

For discrete location problems , see Krarup and Pruzan

(1978) and their references.
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